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GEODESIC LAMINATIONS WITH
TRANSVERSE HOLDER DISTRIBUTIONS

By Francis BONAHON

ABSTRACT. — To interpolate between isotopy classes of simple closed curves on a surface S, Thurston introduced
the space ML(S) of geodesic laminations with transverse measures on S. The main purpose of this paper is to
develop a differential calculus on ML(S). This space is a piecewise linear manifold, but does not admit any
natural differentiable structure. We give an analytic interpretation of the combinatorial tangent vectors to ML(S),
as geodesic laminations with a certain type of transverse distributions. As an illustration, we apply this technique
to determine the derivative of the length function associated to a hyperbolic 3-manifold.

Consider a compact connected surface S of negative Euler characteristic, possibly
with boundary. To interpolate between isotopy classes of simple closed curves on S,
W.P. Thurston introduced the notion of geodesic lamination with transverse invariant
measure on S (see [Thl], [PeH] and §1; see also [Th3], [FLP] for the closely related
notion of measured foliation, and [Le] for a ‘dictionary’ between measured foliations and
measured laminations). He used these measured geodesic laminations as a tool to attack
various geometric problems, notably the analysis of hyperbolic structures on surfaces and
on 3-manifolds. The main motivation of this paper is to develop a differential calculus on
the space M L(S) of measured geodesic laminations of S, so as to compute the variations
of various quantities defined on this space. As a side benefit, this leads us to the discovery
of certain transverse structures for geodesic laminations, which are not transverse measures
and have interesting geometric applications.

The space ML(S) does not possess a natural differentiable structure, but Thurston
exhibited a natural structure of piecewise linear manifold on ML(S). This leads to the
abstract definition of tangent vectors of this space (although the tangent vectors at a given
point of ML(S) do not necessarily form a vector space). However, these combinatorial
tangent vectors are not always very easy to work with in practice. The main result of this
paper is a geometric interpretation of tangent vectors to ML(S) as geodesic laminations
with certain transverse distributions. This process, converting combinatorial data to analytic
data, makes these tangent vectors easier to handle for geometric applications.

Mathematics subject Classification. STN 02, 53 C22.
Key words and phrases. geodesic laminations, measured laminations.
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206 F. BONAHON

Given a combinatorial vector tangent to ML(S) at ay, we compute the associated
geodesic lamination with transverse distribution in §§2-4. This geodesic lamination contains
the geodesic lamination underlying o, but may be strictly larger. In particular, in
Theorem 15, we give a formula which explicitly describes the transverse distribution
in terms of the combinatorial data. This formula involves the sum of a series over the gaps
of the geodesic lamination, and even its restriction to the case of a transverse measure
seems to be new (Corollary 17).

There is a problem, however, namely that the notion of transverse distribution for a
lamination or a foliation usually requires that we are given a transverse differentiable
structure for this lamination or foliation. More precisely, our computations define a
distribution on each arc transverse to the geodesic lamination, but we want to be able to say
that this distribution is invariant under homotopy respecting the lamination. Unfortunately,
there is in general no transverse differentiable structure for a geodesic lamination. If we fix
a negatively curved metric on the surface, a geodesic lamination admits only a transverse
Lipschitz structure, and even this structure depends on the choice of the metric. On the other
hand, a geodesic lamination does admit a metric independent transverse Holder structure.
It luckily turns out that the distributions on transverse arcs provided by our computations
are regular enough to extend to continuous linear forms on the space of Holder continuous
functions on this arc. In this way, we can interpret the analytic objects provided by our
computations as transverse Holder distributions, an object which is well defined because
of the transverse Holder structure of a geodesic lamination.

Having associated a transverse Holder distribution for a certain geodesic lamination to
each combinatorial tangent vector to M L(.S), we push the analysis further in the companion
paper [Bo4], where we analyze the vector space H(A) of all transverse Holder distributions
with which a given geodesic lamination A can be endowed. A geodesic lamination admits
many more transverse Holder distributions than transverse measures, but we show in [Bo4]
that the dimension of () is finite and can be explicitly determined.

It turns out that the notion of transverse Holder distribution is precisely adapted to
our original goal, in the sense that ‘most’ geodesic laminations with transverse Holder
distributions come from tangent vectors to ML(S). Indeed, the main result of [Bo4] is
that an element of H(\) is characterized by certain combinatorial data, which can be
seen as a partial converse to the results of §§3-4. In §5, we prove the complete converse
result. We show that a transverse Holder distribution for a geodesic lamination A is
associated to a tangent vector at ag € ML(S) if and only if it satisfies a certain positivity

* condition, namely if and only if it belongs to a certain convex cone bounded by finitely
many faces in the vector space H(A). In particular, under the generic assumption that
the geodesic lamination A,, underlying «o is maximal, in the sense that it cannot be
enlarged to a larger geodesic lamination, the positivity condition is empty and there is a
one-to-one correspondence between the combinatorial tangent vectors of ML(S) at g
and the transverse Holder distributions for A,,.

Finally, we conclude the paper with two examples of the applications we had in mind
when starting this program.

In §6, we consider the length function I,, : ML(S) — R* associated to a negatively
curved metric m on the surface S. After the hard work done in §3, the simple observation
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GEODESIC LAMINATIONS WITH TRANSVERSE HOLDER DISTRIBUTIONS 207

that the definition of [/, makes sense for geodesic laminations with transverse Holder
distributions provides an expression for the differential of [,,, and proves that this
differential is linear on the faces of the piecewise linear structure of ML(S) (Theorem 24
and Corollary 25). This last property had independently (although much earlier) been
obtained by Thurston [Th4, §7], by different methods.

In §7, we generalize this to higher dimensions. If M is a hyperbolic manifold of any
dimension and if f : S — M is a map inducing an injective homomorphism between
the fundamental groups, there is a function I, : ML(S) — R™ associating to each
measured geodesic lamination the length of its realization in M; see [Thl], [CEG]. We
use the same formalism of transverse Holder distributions to determine the differential of
Iy (Theorem 29). A consequence is that, if &« € ML(S) is realized by a pleated surface
and if m is the hyperbolic metric induced on S by this pleated surface, then the two
functions s and [, have the same differential at o (Proposition 32). As a consequence,
the differential of /,; depends only on the pull back metric m, and not on the bending
of the pleated surface. A similar analysis for the rotation number of the realization of a
measured lamination is developed in [BoS5].

Other applications of the theory developed in this paper appear in [Bo5], [Bo6] and
[Bo7]. In [Bo5], we show that transverse Holder distributions can be used to describe the
shearing of shear maps between hyperbolic surfaces, as well as the bending of pleated
surfaces in hyperbolic 3-manifolds. This generalizes the cases of earthquake maps [Ke],
[Th2], [EpM] and of locally convex pleated surfaces [Th1], [EpM], where the shearing and
bending always occur in the same direction and are described by measured laminations. In
[Bo6], [Bo7], we consider the variation of the geometry of the convex core of a hyperbolic
3-manifold under deformation of the metric. In particular, we obtain a Schléfli-type formula
which expresses the variation of the volume of the convex core in terms of the length
of the transverse Holder distribution describing the variation of the pleating locus of this
convex hull. See also [Bo3] for some related material.

A large part of this work was done while the author was visiting the University of
California at Davis, and we would like to thank this institution for its beneficial hospitality.
We would also like to thank the referee for carefully reading the manuscript, and Yair
Minsky for pointing out to us the overlap between §6 and [Th4, §7].

1. Measured geodesic laminations

In this section, we review some properties of geodesic laminations. The proofs and
details can be found in [Thl], [CaB], [PeH], for instance.

To define measured geodesic laminations, one starts by endowing the surface S with an
auxiliary Riemannian metric m of negative curvature, for which the boundary 95 is totally
geodesic; such a metric exists because of our assumption that the Euler characteristic of S
is negative. Then, a geodesic lamination of S is a partial foliation of S by m-geodesics,
namely a closed subset A C S decomposed as a union of disjoint geodesics which are
simple and do not transversely hit the boundary. Recall that a geodesic is simple if it
does not cross itself; it may be closed or infinite. Also, note that components of 9.5 are
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208 F. BONAHON

allowed as part of a geodesic lamination. A geodesic lamination A C S covers only a small
part of S, in the sense that it has Lebesgue measure 0, and even Hausdorff dimension 1
[Thi, §8], [BiS], [Th4, §10]. In particular, the decomposition of the subset A as a union
of disjoint simple geodesics is unique; these geodesics are the leaves of ).

A transverse (invariant) measure for a geodesic lamination A is a measure defined on
each arc k transverse to A, such that every homotopy sending k to another arc k&’ while
respecting A sends the measure defined on & to the measure defined on &’. Throughout the
paper, a measure will be a positive Radon measure, namely one which is defined on the
o-algebra of Borel sets and which assigns non-negative finite mass to each compact set;
via the Riesz Representation Theorem, such a Radon measure is equivalent to a positive
linear form on the space of continuous functions with compact support. Also, we adopt the
convention that the end points of an arc transverse to a geodesic lamination A are disjoint
from A. Observe that the invariance property implies that the support of the measure
deposited on the transverse arc k is contained in k£ N \; a transverse measure for A is said
to have full support if the support of the measure it induces on each transverse arc k is
exactly kK N A. A measured geodesic lamination o consists of a geodesic lamination A,
together with a full support transverse measure for A,.

An example of measured geodesic lamination is provided by a closed geodesic A
endowed with the transverse measure which, on each arc k transverse to A, is the Dirac
measure of weight a > 0 based at £ N A (for which the mass of A C k is a times the
cardinal of A N A); but ‘generic’ examples are more complex.

The space ML(S) of measured geodesic laminations can be topologized as follows. For
simplicity, say that an arc k¥ C S is generic if it is transverse to all geodesic laminations
of S. By [BiS], almost all geodesic arcs are generic, so that every arc can be arbitrarily
approximated by a generic arc. Then, by definition, a sequence of measured geodesic
laminations «,, converges to a € ML(S) if and only if, for every generic arc k, the mass
a, (k) of the measure deposited by «, on k converges to a(k).

These a(k) also define the piecewise linear structure of ML(S). Indeed, Thurston
showed that it is possible to find finitely many generic arcs ki, ks,..., k, such that the
map « — (a(k1),a(ks),...,a(k,)) defines an embedding of ML(S) in R?, whose image
is a piecewise linear submanifold of R? of dimension —3x(.S), where x(S) is the Euler
characteristic of S. In addition, for every generic arc k, the mass a(k) is a piecewise
linear function of these a(k;), which shows that the structure of piecewise linear manifold
so defined on ML(S) does not depend on the choice of the parametrizing arcs k;. As a
piecewise linear manifold, ML(S) is isomorphic to R~3X(5); see [PeH], [FLP].

As usual, this piecewise linear structure on ML(S) defines a space of tangent vectors
at each ag € ML(S). Namely, such a tangent vector is associated to each path
t — ap € ML(S), with t € [0,], whose image in R™ under a coordinate chart has
a right derivative at ¢ = 0. And two such paths define the same tangent vector when their
images under a coordinate chart have the same right derivatives at ¢ = 0. The fact that the
changes of chart are piecewise linear guarantees that these properties do not depend on the
coordinate charts considered. This space of tangent vectors at ag € ML(S) is endowed
with a natural law of multiplication by real numbers, but does not necessarily possess any
natural structure of a vector space.
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The piecewise linear structure also enables us to define the differential of a function
f: ML(S) — R, if it exists. This differential associates to each vector tangent to a path
t — o the derivative of ¢t — f(ay), if it exists. For instance, every piecewise linear
function on ML(S) has such a well defined differential.

A priori, the above notion of measured geodesic lamination depends on the choice of
a negatively curved metric on the surface S. However, there are various ways to make
this definition independent of the choice of metric. Here is one, based on a more intrinsic
description of measured geodesic laminations, which we will use extensively (see [Bol],
[Bo2] for details).

The universal covering S has a natural compactification by its boundary at infinity §03
One way to define this compactification is to choose a base point Zg in the interior of S,
and to abstractly add an end point to each infinite geodesic ray issued from Zo. It can be
shown that the space S U S, so obtained is topologically independent of the choice of
the base point Zo and of the choice of the negatively curved metric on S; see for instance
[Mo], [Fl], [Gr] for descriptions of this compactification using only the algebraic structure
of the fundamental group m,(S). Let G (S) be the space of bi-infinite geodesics of S,
namely of those unoriented geodesics of S which do not transversely hit the boundary BS
Each geodesic of G() is asymptotic to two distinct points in the boundary at infinity S
and, conversely, any two distinct points in §°o are joined by a unique such geodesic. It
follows that G(S) can be identified to the set of unoriented pairs of distinct points in S,
namely G’(g) = (§oo X So — A)/Z, where A denotes the diagonal and where Z, acts
by exchanging the two factors. For instance, when S has empty boundary, the boundary
at infinity is topologically a circle (every geodesic ray issued from the base point of S
is infinite) and the space G (S) is homeomorphic to an open Mdobius strip. When S has
non-empty boundary, the spaces Se and G (§) both are Cantor sets.

Given a measured geodesic lamination «, the preimage da C S of its underlying
geodesic lamination A\, C S is decomposed as a union of geodesics of .S, and therefore
defines a closed subset of G (S) which we will also denote by A,. Given a geodesic
g€ Xo C G( ) choose a small arc k C S cutting transversely g in its interior. Because
the geodesics of Xo are pairwise disjoint, the elements of a neighborhood of g in Xa
are parametrized by their intersection points with k. The measure deposited by « on the
projection k C S of k then pulls back to a measure defined on this neighborhood of g.
From the invariance of the transverse measure under homotopies respecting A, it follows
that this measure is independent of the choice of the arc k, and that these measures defined
on neighborhoods of elements of A, fit together to define a _measure over all of A,.
Pushing forward this measure by the inclusion map A, — G(§ ) we have associated to
o a measure on G (g), note that this measure is invariant under the action of 7;(S) on
G (5) and that its support is contained in Xa.

In this way, we have defined an embedding of the space ML(S) of measured laminations
on S into the space C(S) of m1(S)-invariant measures on G(S) 2 (S X Soo — A) /Z5.
The elements of C(S) are called geodesic (measure) currents. It is not hard to see that
the image of ML(S) in C(S) consists exactly of those geodesic currents whose support
forms a geodesic lamination of S, namely such that no two geodesics of this support cross
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210 F. BONAHON

each other in S (see [Bol], [Bo2], [Bo4]). Note that this description depends only on the
space S U S, and not on a choice of metric or base point.

The space C(S) is endowed with the weak* topology, for which a sequence of geodesic

currents «, converges to o € C(S) if and only if the integrals «,,(¢) = / @ da, converge

to y(¢) for every continuous function ¢ : G (§) — R with compact support. Then, the
embedding ML(S) — C(S) is a homeomorphism onto its image (see [Bo2]).

In a similar vein, we can give a metric independent definition of geodesic laminations
of S. Indeed, the preimage in S of a geodesic lamination ) of S defines a 71 (.S)-invariant
geodesic lamination X of S, whose leaves form a closed subset of G(S) This establishes a
one-to-one correspondence between geodesic laminations of S and m;(S)-invariant closed
subsets of G (S) = (S’oo X Soo — A)/ Z, consisting of pairwise disjoint geodesics. The
property of whether or not two geodesics of G (§) intersect depends only on a linking
property of their end points in Seo . Therefore, this description of geodesic laminations
depends only on the action of (S ) on S U S, and is metric independent.

In the paper, we will usually identify a measured geodesic lamination o with its image
in C(S).

While we are discussing the space G(S), we should mention that, even when G(S)
is homeomorphic to a Mobius strip, it does not admit an intrinsic differentiable structure.
Indeed, if we fix a negatively curved metric on S and a base point 7, € S, the boundary
at infinity S, is in this case identified to the metric circle of directions at zy, and
therefore inherits a differentiable structure. However, if we change our choice of metric
or of base point, this differentiable structure on S will be modified, as well as the
induced differentiable structure on G(S ) = (S X Soo — A)/Z, (see [Gh] and references
mentioned there).

Nevertheless, S., and G(g) have a well-defined Hélder structure, namely a preferred
metric defined up to the Holder equivalence relation which identifies two metrics d; and
dy when there are constants ¥ > 0 and K > 0 such that K‘ldl(x,y)l/" < do(z,y) <
Kdy(z,y)” for every z, y. Indeed, the choice of a negatively curved metric with totally
geodesic boundary on S and of a base point 7y € S identifies S, to a subset of the circle
of directions at Zy. This induces a metric on S, by restriction of the angle metric of this
circle of directions. It can be shown that, if we vary the metric or the base point, the
Holder equivalence class of this metric is unchanged (see [Fl], [Gr, §7.2.M]). Therefore, this
defines a natural Holder structure on S, and consequently on G (S) C (Sw X Su)/Zs.
In particular, it makes sense to talk of Hélder continuous functions ¢ : G( ) — R,
namely functions for which there exists two constants A > 0 and v > 0 such that
le(g) — ()| < Ad(g,h)" for every g, h € G(S), where d( , ) is any metric compatible
with the Holder structure of G(g); if the metric d( , ) is fixed, the number v is the
Holder exponent of o, and the Holder norm of exponent v of ¢ is

lll, = sup |(g)] + sup |¢(g) — ¢(h)|d(g,h) ™"
g g#h

Throughout the paper, we will assume that G’(g) is endowed with a metric compatible
with this Holder structure.
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GEODESIC LAMINATIONS WITH TRANSVERSE HOLDER DISTRIBUTIONS 211

To analyze the local piecewise linear geometry of ML(S), a very convenient tool is
provided by train tracks (see [Thl], [PeH]).

Fig. 1

A train track T on the surface S consists of a finite family of ‘long’ rectangles e; in S,
each foliated by arcs parallel to the ‘short’ sides, and meeting as illustrated in Figure 1.
Namely, two rectangles meet only along their short sides, and every point of the short side
of a rectangle is contained in another short side of rectangle; note that this allows the two
short sides of a same rectangle to meet along an arc. If a component of the boundary 9.5
meets 7, then this whole component is contained in 7. In addition, we require a condition
on the complement of 7: Observe that each component of S — 7 has a certain number of
spikes, corresponding to points belonging to three rectangles; we require that no component
of S — 7 is a disc with 0, 1 or 2 spikes or an annulus with no spike.

The rectangles e; are the edges of the train track 7. The leaves of the foliation of 7
induced by the foliation of the e; by arcs parallel to the short sides are the fies of T.
The (finitely many) ties where several edges meet are the switches of 7. A tie which is
not a switch is said to be generic.

An m-geodesic lamination A is said to be carried by the train track 7 if it is contained
in the interior of 7 and if each leaf of A is transverse to the ties of 7. Note that this
depends on the negatively curved metric m.

When a measured geodesic lamination « is carried by a train track 7, the mass of the
measure deposited by « on a tie of 7 depends only on the edge e containing this tie, by
invariance under homotopy respecting the geodesic lamination underlying .. Consequently,
« associates a number a(e) > 0 to each edge e of 7.

Given a train track 7 and a negatively curved metric m, the set ML,,(7) consisting
of those measured m-geodesic laminations which are carried by 7 is a piecewise linear
submanifold of ML(S). In addition, the map which associates the edge weights a(e) to
the measured geodesic lamination « € ML(S) is piecewise linear. A remarkable fact is
that it is also injective.

Thurston proved that, for every o € ML(S), there is a negatively curved metric m and
a train track 7 carrying « such that ML,,(7) is a neighborhood of & in ML(S). Thus,
the interiors of such ML,,(7), parametrized by the corresponding edge weight maps, form
a piecewise linear atlas for ML(S).

Since this paper is about tangent vectors, namely right derivatives of paths, we will often
have to take the right derivative of a quantity a; depending on a real parameter ¢, usually at
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212 F. BONAHON

t = 0. To alleviate some otherwise cumbersome expressions, we will write aq for the right
derivative a%at]t:o of a, at 0. For instance, given a path t — a, € ML(S) C C(S5), the
right derivative of the edge weight ay(e) is do(e) = a—f;at(e)|t=0 and the right derivative
of the oy-integral a(y) of the function ¢ : G(g) — R for a; is do(p) = %at(go)ltzo.

2. The essential support of a family of measured geodesic laminations

Consider a 1-parameter family of measured geodesic laminations a; € ML(S) C C(S),
depending continuously on t € [0,to]. Let A, C G(S ) denote the support of o, considered
as a measure on G(g) Define the essential support of o; as t tends to 0T as the subset
X0+ of G(§ ) defined as follows: A geodesic g is in Xo+ if and only if it admits arbitrary
small neighborhoods U such that the infimum limit lim inf, o+ +c(U) is different from 0
(possibly infinite). In Lemma 3, we will relate this essential support to the tangent vector
& of ML(S) defined by the path ¢t — o, if it exists. We first investigate some elementary
properties of this essential support.

Clearly, X0+ is a closed subset of G(§ ) Also, no two geodesics of X0+ can cross each
other since no two geodesics of the support of a; cross each other. It follows that X0+

defines a geodesic lamination of S. By invariance under the action of m1(S) on S, this
geodesic lamination is the preimage of a geodesic lamination Ag+ of S.

Observe that the geodesic lamination Ay underlying «y is contained in Ag+. Also, if ¢,, is
a sequence converging to 0% such that ), has a limit \(, for the Hausdorff topology on the
space of closed subsets of .S, this limit clearly contains Ao+ . The inclusions A\g C Ao+ C A,
can all be strict, for instance in the case where a; consists of three fixed disjoint simple
closed geodesics with Dirac transverse measures of respective weights 1, ¢ and #2.

The following elementary test will often be useful to search for geodesics of X0+.

Lemma 1 (Tracking Lemma). — Let K be a compact subset of G (§) such that
liminf; o+ as(K)/t > 0. Then K contains at least one geodesic of Ag+.

Proof. — By compactness, K can be written as the union of finitely many compact
subsets of diameter less than % For at least one of these, say K;, we must have
liminf, o+ a¢(K1)/t > 0. Reapplying the same process to K;, we can construct a
sequence of nested compact subsets K D K; D ... D K,, D ... such that the diameter of
K, is less than 27" and such that lim~inft_.0+ a(K,)/t > 0 for every n. The intersection

of the K, consists of a point g € G(S) which, by construction, must be in Ag+. O

Although easy to state, the above definition of :\Otis not very easy to handle in practice.
We want to give a more convenient description of Ay+ in terms of train tracks.

As indicated in §1, there is always a train track 7 which carries the «v; for ¢ sufficiently
close to 0, for an appropriate choice of the negatively curved metric /. Consider the
preimage 7 of 7 in the universal covering S. A compact oriented curve ¢ carried by 7
traverses some oriented edges ¢;, ¢, ..., ¢, of T, in this order, where an orientation
of an edge amounts to a coherent transverse orientation of its ties. Let an edge path
be any ordered finite sequence v = (¢, ¢a,...,¢,) associated in this way to a compact
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GEODESIC LAMINATIONS WITH TRANSVERSE HOLDER DISTRIBUTIONS 213

oriented curve carried by 7. In this situation, we will say that the curve c follows the
edge path . A curve c (possibly infinite) realizes the edge path « if there is a compact
subinterval ¢’ of ¢ which is carried by 7 and which follows . The length of the edge path
v = (e1,ea,...,e,) is the number n of edges in the sequence.

Given an edge path v in 7 and a measured geodesic lamination « carried by 7, let ()
denote the o-mass of the subset G, of G (S ) consisting of those geodesics which realize +.

LeMMA 2. — For a fixed edge path <y of the train track T, the number a(7) is a piecewise
linear function of the weights a(e) assigned to the edges e of T by a € ML(S) carried
by 7. In addition, the norm of the differential of this piecewise linear map is bounded by
a constant times the length of ~.

Proof. — We will argue by induction on the length n of the edge path v, =
(e1,€a,...,6e,), assuming that it starts at a fixed edge e;.

Select a ‘right’ and a ‘left’ side for e;. Then, this distinguishes a right and a left
side for ~,.

Consider those geodesics g € G(g ) which are carried by 7 and which cross the edge e,,.
For such a g, either g realizes +y,, or it realizes some edge path (e}, e;t1,...,e,) Where
1 <4 < n and where e, #e;. Let G}, C G (S) consist of those geodesics which realize
such an edge path (e}, e;11,...,e,) where e branches in on the left of -,. Similarly, let
G", consist of those geodesics which branch in on the right of ~,,.

We will prove by induction on n that a(v,), (GL) and a(G?) are piecewise linear
functions of the weights a(e), and that the norms of their differentials are bounded by
a constant times n.

The property is trivially true when n = 1. Assume as induction hypothesis that it holds
for n — 1. We want to prove it for n.

Consider the switch s where e,,_; meets e,. Let al (resp. a”, a1+, a’, ) denote the sum
of the weights of the edges entering s on the same side as e,,_; (resp. €,—1, €n, €,) and on
the left (resp. right, left, right) side of (ej,es,...,e,). Then, analyzing what can happen
to the geodesics which are carried by 7 and pass through the switch s, we find that

(y(Gll) = min {(,y((:n), max {a(GL_l) +a' - alJr,O}}
a(Gr) = min { (e, ), max {a(Gh_y) +a” — aj_,O}}
”’*(’Yn) = “{((j") - (X(G'E:,) - (Y(G:l)’

which clearly concludes the proof by induction. O
Assume that the path | — ¢, in ML(S) has a tangent vector at aqg for the piecewise

linear structure of ML(.S), namely that the derivative %at(e)u:o exists for every edge
e of 7. Then, Lemma 2 shows that there is a well defined right derivative d(y) for every
edge path v of 7. Note that it is always possible to enlarge 7 a little bit so that the geodesic

laminations A; underlying the (y, are contained in a compact subset of the interior of 7.

LemMA 3. — Consider a path | — «, € ML(S) which has a tangent vector at o, and
let Ao+ be its essential support as | tends to 0F. Assume that the «, are carried by a train
track T, of preimage T in S, and that their underlying geodesic laminations are contained
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in a compact subset of the interior of T. Then, the geodesic g € G(§ ) is in the essential
support X0+ if and only if it is carried by T and if ap(y) > 0 or éo(y) > 0 for every edge
path ~v of T that is realized by g. In particular, Ao+ depends only on g and on the tangent
vector &, and not on the specific family o, tangent to &g at «.

Proof. — The hypothesis that the geodesic laminations underlying the «; are contained
in a compact subset of the interior of 7 guarantees that Ay+ is carried by 7.

As before, let G, denote the open subset of G(§ ) consisting of those geodesics which
realize the edge path ~y. Because of the negative curvature, two geodesics of S which stay
at bounded distance from each other for a long time are actually close to each other. It
follows that, if g € G(S) is carried by 7, the G, where ~ ranges over all edge paths
realized by g form a basis of neighborhoods of g. As a consequence, a geodesic g carried
by 7 is in Ag+ if and only if liminf, o+ Tox(y) > O for every edge path v realized by g.
Since &(7y) exists, the condition that lim inf, o+ %at(fy) > 0 is equivalent to the property
that ap(y) > 0 or &o(7y) > 0, which concludes the proof. O

PROPOSITION 4. — [If the path t — «a; € MAL(S) is piecewise linear, the essential
support Ao+ is equal to the Hausdorff limit as t tends to 0% of the geodesic laminations
A¢ underlying the .

Proof. — Let 7 be a train track such that the A; are carried by 7 and contained in a
compact subset of the interior of 7. It clearly suffices to prove that Ao+ C G(S ( ) is the
Hausdorff limit of the supports X¢ of the a¢. Actually, it even suffices to prove that, for
every generic tie ko of the preimage 7 C S, the set of those geodesics of \; crossing kg
converges to the set of those geodesics of /\0+ crossing k.

For r > 0, let I',. denote the set of edge paths v = (é—py€—ryly---r€r_1,€r) in T such
that eq is the edge containing ky. If G (S) is endowed with a metric compatible with
its Holder structure, an easy geometric estimate provides two constants A > 0, B > 1,
depending only on ko and on the lengths and widths of the edges of 7, such that the
diameter of the set G, of geodesics realizing v € I'. is bounded by AB~"; indeed, it

suffices to check this when G(S ) (S X Soo — A) /Z5 is endowed with the product

metric coming from the angle metric on Seo based at some point of ko, in which case it
follows from the negativity of the curvature of the metric of S.

By Lemma 3, X0+ consists of those geodesics g carried by 7 such that ag(y) > 0 or
Go(y) > 0 for every edge path + realized by g. By Lemma 2, the map ¢t — «,(7) is
piecewise linear. It follows that the above condition is equivalent to the condition that
a(y) > 0 for every ¢ sufficiently close to 0.

Since F,; is finite, this proves that, for ¢ sufﬁcienthy close to 0, the v € I',. for which
G., meets A+ are exactly those for which G, meets A;. As a consequence, the Hausdorff
distance between the set of geodesics of Xo+ crossing ko and the set of geodesics of Xt
crossing ko is at most AB~" for ¢ sufficiently close to O.

Letting r tend to oo then proves the result we wanted. O
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3. Computing derivatives

Consider a 1-parameter family oy, t € [0, %], of measured geodesic laminations carried
by the train track 7. We assume that this path in ML(S) has a tangent vector at g for
the piecewise linear structure of ML(S), namely that the derivative B%Qt(e)|t=0 exists

for every edge e of 7. Given a function ¢ : G (§) — R, we want to evaluate the right
derivative &o(p) = a—f;at(w)ltzo.

Since all geodesics of the support of the «; are carried by 7, we can restrict attention,
using a suitable partition of unity, to the case where there is a generic tie ko of T which
transversely meets every geodesic of the support of . Arbitrarily choose an orientation
for k().

Enlarging 7 a little bit if necessary, we can assume that the essential support X0+ is
carried by T. ' '

Let d be a component of kg — X0+, and choose a base point z4 € d. For every t, let
hi(z4) denote the ‘oy-height’ of x4, namely the a;-mass of the component of kg — x4
consisting of those points of ky which are below x4 for the orientation of kg.

Clearly, h:(z4) may depend on the choice of the base point z4. However:

LemmA 5. — The right derivative ho(md) exists and is independent of the choice of the
base point x4 in the component d of kg — Ag+.

Proof. — First consider the case where d is not one of the two components of ko — X0+
that are adjacent to the ends of k. Then, there are two geodesics g; and g; of Ao+ which
pass through the end points of d, where ko N g7 is below ko N g} for the orientation of k.

Since g; and g} are distinct, they cannot realize the same bi-infinite edge path in
7. Therefore, g} and g, respectively realize some edge paths {(eg, ei,...,e,,e,41) and
(eos €1, €, €0, 1) With e,41 # €., 1, Where eg is the edge of 7 containing the tie ko.

Let us consider what can happen to the geodesics of the support X of @, which hit
ko below x4, for the orientation of k.

First of all, observe that, for ¢ sufficiently close to 0, there is a geodesic g;” € Xt which
is close to gj;~ in particular, gf realizes (eg, ey, ..., e, eq1+1) and hits ko above z4. Any
geodesic g € \; which hits ky below z, must be disjoint from g;". As a consequence, g
must realize either (eg, €1, ..., e, e.41), or an edge path (eg,e1,...,e;, f) with0 < i< r
where f is different from e;,1 and branches out on the negative side of (eg, €1, ..., €n,€r11)
for the transverse orientation of this edge path determined by the orientation of kj. Let
fi, f2, ..., fp be the collection of these edges f which branch out on the negative side
of (eo,e1,...,€r,€r41), including f; = e/ ;.

Conversely, note that, for ¢ sufficiently small, there is also a geodesic g; € Xt which is
close to g; , and in particular which realizes (eo, €ly-.-sCp, €N +1> and which hits k¢ below
x4. Therefore, for every geodesic ¢’ € Xt which realizes (f;) with 1 < j < p, the fact
that this geodesic ¢’ is disjoint from g; implies that it must, either hit ko below z4, or

realize an edge path (f,e;,...,ex_1,€x, f;) where f is different from e;_; and branches
in on the negative side of (ep,e1,...,€r,€r11). Let fpi1, fpi2, ..., fy be the collection
of these edges f which branch in on the negative side of (eq,e1,...,€r, €r11).
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In addition, the existence of the geodesic g; € Xt shows that, for ¢ sufficiently small,
every geodesic ¢” € A; which realizes (fi) with p + 1 < k < ¢ must exit through one
of the f; with 1 < j < p.

As a consequence,

q

he(za) = a(X) + Y ae(fi) = Y i) — a(X')

Jj=1 k=p+1

where X denotes the set of those oriented geodesics of G(7) which realize
(€0, €1,.-y€r,err1) and which hit ky below x4, and where X’ denotes the set of
those oriented geodesics of G(7) which realize (e, e1,...,e,,€.,;) and which hit ko
at or above 4.

We claim that at(X ) tends to O as ¢ tends to 0*. Indeed, the Tracking Lemma 1 would
otherwise provide a geodesic of g in the closure of X which is in Xo+. This g € )\0+,
hitting ko at or below x4, must actually hit it at or below ko N g, by definition of g, .
Therefore, it cannot be on the same side of g; as gj. But this contradicts the fact that g
realizes the edge path (eg,e1,...,€n,€mp1).

A similar argument shows that 1o, (X’) tends to O as ¢ tends to O%.

Passing to the derivatives, we conclude that hg(z4) = 1 00(f) = Xkepyr @o(fr)-
Since this expression depends only on d, and not on the choice of the base point x4 € d,
this concludes the proof of Lemma 5 in the case which we were considering, namely when
d is not one of the two components of ky — Ag+ that are adjacent to the ends of k.

The proof is very similar for the remaining two cases, and gives that ho(d) = 0 if d is
adjacent to the negative end of ko, and hg(d) = co(eo) if d is adjacent to the positive end
of k,'(). |

In view of Lemma 5, we will henceforth write ho(d) for ho(xq).

Note that we proved a little more:

LEMMA 6. — With the data of Lemma 5 and of its proof, if the component d of ko — X(‘)"
is not adjacent to one of the two ends of ky, then

ho(d) = e(f)o(f)

f

where the sum is over all edges f that branch in or out on the negative side of the edge
path {eg,€1,..., e, er11), and where e(f) = —1 or e(f) = +1 according to whether the
edge f branches in or out. If d is adjacent to one of the ends of ko, then ﬁo(d) is equal to
&o(eg) for the positive end, and to 0 for the negative end. O
We can now state our main theorem. At this point, it may be useful to summarize what
we have defined so far. Given the family a; of measured geodesic laminations carried by
T, we consider the essential limit )\0+ of their supports as ¢ tends to 0. If ko is an oriented
tie of 7 and if d is a component of ko — Xo+s g1 and g7 are the geodesics of )\0+ passing
through the end points of d, where ko N g7 is below ko N g7 for the orientation of k.
Only one of g] and g; is defined when d is adjacent to an end of ko, and we arbitrarily
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decide that, for a function ¢ : G (5) — R, ¢(gF) = 0 when g7 is not defined. Finally, we
also associated to d a number hy(d) which is defined by Lemmas 5 and 6.

THEOREM 7. — Consider a l-parameter family of measured geodesic laminations oy,
t € [0,to), carried by the train track T such that, for every edge e of T, the weight a(e)
has a right derivative at t = 0. Assume that T also carries the essential support Ao+ of a4
as t tends to 0F. Then, if ¢ : G(S) — R is a Hélder continuous function such that every
geodesic of the support of ¢ transversely meets the generic tie ko of T,

ao(p) = Z ho(d) (90(!1;) - w(g;))

where d ranges over all components of kg — X0+, and where izo(d), <p(gd+), <p(g; ) are
defined as above.

It is not too difficult to obtain the formula of Theorem 7 by formal computations,
using for instance Corollary 17 (compare [Bo4, §4]). The justification of these formal
computations however requires much more care. Our proof will be based on an analysis of
the interplay between components of ko — Ag+ and edge paths realized by leaves of Ag+.

First, let us show that this formula makes sense.

For the tangent vector cyo, let [|co|l, denote the maximum of the absolute values
of the weights ¢o(e), where e ranges over all edges of 7. Similarly, if the measured
geodesic laminations « and (3 are carried by 7, let ||a — ||, denote the maximum of

the |(e) — B(e)l.

PROPOSITION 8. — Under the hypotheses of Theorem 7, the series
Do+(p) = Y ho(d)((97) - #(97))
d

is (absolutely) convergent. In addition, the linear functional Dy+ () is a continuous function
of ¢ and & in the sense that, if ¢ has Hélder exponent v, there is a constant C' independent
of ¢ and &g such that |Do+ ()| < Clléoll,|l¢ll,-

Proof. — First consider the two exceptional components of ko — Xo+ that are adjacent to
the end points of ky. The one which is adjacent to the negative end point of ky does not
contribute anything to the above sum, since the corresponding coefficient ho(d) is equal
to 0. For the one adjacent to the positive end point, ho(d) = dg(eg) where ey is the edge
containing ko, and its contribution is therefore bounded by |||, ||¢ll, .

For our analysis, we can therefore restrict the above series to those components d of
ko — Ao+ which are not adjacent to an end of ko. For such a d, let (d) be the maximal r > 0
for which g7 and g; both realize a common edge path v = (e—y,€_ri1,...,€r—1,65)
in T with kg in eg. As in the proof of Proposition 4, a geometric estimate shows
that d(g;', g;) < AB"@ for some constants A > 0, B > 1, and therefore that
lo(97) — elgd)| < Allell,B~@.

Also, it follows from Lemma 6 that |izo(d)[ is bounded by a constant times
(r(d) + 1)l|w|l,. Therefore, the series 3",|ho(d)||¢(97) — ¢(g97)| is bounded by a
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constant times ||col|, |l¢]l, 34 (r(d) + 1)B~"(9). We therefore only have to prove that
the series >, 7(d)B~*"(4 is convergent.

Identify ko to the tie of 7 it projects to, and let Ao+ be the geodesic lamination of
S obtained by projecting Ag+. We can then identify components of ky — Ao+ in S and
components of kg — Ao+ in S.

If d is a component of kg — Ao+ which is not adjacent to an end of ky, the two leaves of
Ao+ passing through the end points of d realize a common edge path v = (eo, ce er(d)>
in 7 with ko in eg, and diverge at the end switch s of the edge e, (q). Observe that each of
these two leaves of A\y+ is closest in s to the end point of a spike of S — 7, namely can be
connected to this end point by an arc contained in s and with interior disjoint from Ag+.
In particular, these two leaves of Agp+ are uniquely determined by the corresponding pair
of spikes ending at s (possibly equal, and actually equal if g+ crosses every edge of 7).
We can then go backwards, starting from s and following these two leaves so as to retrace
the edge path «y backwards, until we eventually hit the tie ko at d after crossing 7(d) edges
of 7. Consequently, d is uniquely determined by s, the two spikes ending at s, and 7(d).

From this observation, we conclude that the series Y, (7(d) + 1)B™"(9) is bounded
by the sum of finitely many series > ., (r + 1)B~*", one for each pair of (possibly
equal) spikes of S — 7 ending on the same side of a switch s. Since these series are
convergent, this proves the convergence of 3, (r(d)+ 1)B™"4), and concludes the
proof of Proposition 8. O

Note that the proof of Proposition 8 says something on the convergence of the series

Dy+ (). Namely, if r(d) is defined as in that proof when the component d of ko — Ao+ is not
adjacent to an end of kg, and if 7(d) = 0 by convention when d is adjacent to such an end:

COMPLEMENT 9. — With the data of Proposition 8 and of its proof,

Do+(9) = Y ho(d)(e(g7) — ¢(93)) + lldoll, llell,0(rB=")

r(d)<r
for every r > 0. O

Here, we used the classical notation where O(X) represents any quantity for which the
absolute value of O(X)/X is bounded.

Given r > 1, let I, denote the set of edge paths v = (e_,,e_p41,...,€r_1,€,) Of T
which are realized by some geodesic g, where e is the edge containing ko and where
we identify two edge paths when they differ by reversal of orientation. For every v € T',.,
pick a geodesic g, realizing -.

By the geometric estimate which we already used in the proof of Propositions 4 and
8, there are constants A > 0, B > 1 such that, for every two geodesics g and h which
realize the same « € I';, the distance from g to h is bounded by AB~". Since the G, with
~ € I, are pairwise disjoint, and have diameter at most AB~" by the above estimate, we
can use them to approximate by Riemann sums the integral of ¢ for the signed measure
(o — ag)/t. This gives

at((p) B a() — TILI{.IO Z at SD(g.-Y)
vel',

for every t > 0.
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We want to estimate the speed of convergence of this limit. For this, we first show that
the number of terms contributing to the above sum has polynomial growth in .

LemMMA 10. — If the measured geodesic lamination « is carried by the train track T,
the number of edge paths v € T, for which a(y) > 0 is an O(r"*2), where n is the
number of edges of .

Proof. — The main point is that such a v is followed by an arc carried by 7 whose
projection to 7 is a simple curve. Up to isotopy, a simple arc carried by 7 is uniquely
determined by the number of times it crosses each edge of T together with some information
about where its end points are. In particular, such an arc of length r is determined by the
number of times it crosses each edge up to an ambiguity of at most 472 times the square
of the number of switches of 7 (for each arc end, we have to specify on which switch it
sits, in which direction it arrives, and where it sits with respect to the other pieces of the
arc that cross that switch). It follows that the number of simple arcs carried by 7 is an
O(r"*2). Since an arc carried by 7 admits at most one lift to .S for which its central edge
is eg, this completes the proof. O

The exponent for the growth rate given by Lemma 10 is far from optimal, but we will
only need to know that this growth is polynomial.

For v € T, let o(y) € T',_; be the edge path obtained from y by removing
its two end edges. Note that, if o is a measured geodesic lamination carried by
7, then a(y') = 3 ()=, a(y) for every 7' € I',_;. Also, since ¢ is Holder
continuous of exponent v, ©(g) — ¥(go(»)) = ll¢ll,O(B~*"). In addition, by Lemma 2,
() — ao(y) = |lar — ]|, O(r) if v € T',.. Combining these facts and regrouping terms,
it follows that the difference

3 at(W);CVO(’Y)(p(gV) - at(’Y');CVO(’Y')(p(gy,)
Y€ET vy €l
is equal to
5 20000 (0, g (g,,)) = 1200l 0 (rms2 ).
ver,

Summing these differences from r + 1 to infinity, we conclude that

() 't' ao(p) _ rli—>ngo Z () ; aO(PY)(p(g.y)
YEL,

-y () — ao(7)

t

llore = exoll

olg,) + =2 ]l O (B,

YEL,

We can then let ¢ tend to 0F. By finiteness of I',, we conclude:

Lemma 11. — For every r = 1, the supremum limit and the infimum limit of
(au(p) — o))/t as t tends to 0t are both of the form -
> ao(M)e(gy) + lldoll, llell, O (r"*B™"). O
velr,
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Let us connect this estimate to the series of Proposition 8.

Lemma 12.
> aoMelgy) = Y ho(d)(e(97) — #(93)) + lloll, llell,O(r*B~").
Y€, r(d)<r

Proof. - If () # 0 note that, by the Tracking Lemma 1, - is realized by a geodesic
of Ag+. Therefore, if I, consists of those v € I, which are realized by geodesics of Ag+,

Z ao(Y)p(gy) = z &o(7)9(gy)-

~v€r- Y€,

For every v € I, the intersection points of ko with the geodesics of Xo+ realizing
form a closed interval in ko N Ao+, for the ordering of ko N Ag+ induced by the orientation
of k. It follows that there are two components d.f and d7 of ko — Ao+ such that the
geodesics of X0+ realizing -y are exactly those which hit ko above d_ and below dZ.

Note that, for d = dZ, the geodesic g; realizes v and g; does not; it follows that
r(d:,k) < r. Similarly, r(d; ) < r. Conversely, every component d of ko — Xo+ with
r(d) < r is equal to d = d;'j = d:y"d_ where v} and v, are the edge paths in T,
respectively realized by the geodesics gJ and g (if defined).

Choose base points 3 € d and z € d. Then, hy(23) — he(27) is the o-mass of
those geodesics which hit ko below z7 and at or above z7 . For every v’ € I, different
from -, the Tracking Lemma 1 shows that the contribution to ¢ (z¥) — hy(z) of those
geodesics which realize 'y' has right derivative 0 at 0; otherwise, there would be a geodesic
of g+ which realizes 4/ and hits kg between m+ and z7 . For the same reason, the
ag-mass of those geodesics which realize v and do not contnbute to h, (a:"’) ht( )
has right derivative O at 0, since no geodesic of Xo+ realizing « hits ko above z¥ or
below z7 . It follows that

ho(d2) ~ ho(d5) = ho(e)  ho(5) = da(r).
As a consequence,

> ao(¥elgy) = Y ho(dh)w(ey) — . ho(d7)e(gy)

~€r, Y€T Y€
= Y hode(g,) = Y ho(d)e(g,s)
r(d)<r r(d)<r
= Y ho(@)(p(9,;) - e(9,1))
r(d)<r
= > ho(d)(e(97) —w(g&*))+|lwl|y0<3‘” > Iho(d)|>
r(d)<r r(d)<r

since g, realizes the same path v; € I, as 97 and is therefore at distance at most AB~""
from g.-, and since the same property holds for g+ and 9yt (And using the convention
that cp(g) = 0 when the geodesic g is not defined.)
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To complete the proof of Lemma 12, it now suffices to show that Zr( aQ <T|izo(d)| =
[léo]|,O(r3). In the proof of Proposition 8, we showed that the number of components d
with 7(d) = r is an O(r), and therefore that the number of d with r(d) < r is an O(r?).
Also, the formula for h(d) given by Lemma 6 shows that ho(d) = ||Gol|,O(r(d)). It
follows that °_ ;) <r|h0 d)| = ||éol|, O(r®). This completes the proof of Lemma 12. O

Combining Lemmas 11, 12 and Complement 9, we conclude that the supremum limit
and the infimum limit of (a:(¢) — ao(p))/t as t tends to 0T are both of the form

> ho(d)(e(97) — #(93)) + llcwoll, llell, O ("2 B~*").

Since this is true for every r > 1, it follows by letting  tend to oo that these supremum
limit and infimum limit are both equal to the sum of the above series, namely that

, . aalp) - ao(w)
= —_— h d
do(p) = lim E o(d) (e (92) = ¥(9)),
which concludes the proof of Theorem 7. O

From Theorem 7, we can draw a more global conclusion.

COROLLARY 13. — Consider a 1-parameter family of measured geodesic laminations o,
t € [0,to], which admits a tangent vector ¢ at t = O for the piecewise linear structure of
MUL(S). Then, for every compact subset K C G’(S’ ) and every v > 0, there is a constant
C > 0 such that, for every Héolder continuous function ¢ : G(g ) — R of Holder exponent
v whose support is contained in K, the derivative () exists and is bounded by C||¢||,.
In addition, ¢o(p) depends only on ¢ and on the combinatorial tangent vector ¢, and not
on the particular family oy tangent to .

Proof. — For t sufficiently small, the «; are all carried by a certain train track 7. Enlarging
7 a little, we can assume that Ao+ and the supports A; of o are contained in a compact
subset N of the interior of 7. Then, their essential support Ag+ as ¢ tends to 07 is also
carried by 7. Let 7 and N be the preimages of 7 and N in S, and let G(N ) consist of

those geodesics g € G(S ) which are contained in N.

By compactness of K N G(]v ), it is possible to cover this subset by finitely many open
subsets Uy, ..., U, of G(g) such that every geodesic of U; crosses some generic tie k; of
7. Choose a partition of unity by Holder continuous functions &; : G (§2 — R with support
contained in U; such that the sum ) ., & isequalto 1 on KNG (N )

Consider a Holder continuous function ¢ : G (§) — R with Holder exponent v and
support contained in K. Then, for ¢ sufficiently close to 0, ax(p) = >, a(&i¢p). Note
that ||& ||, < 3||&]l, ||¢]l, - In particular, & ¢ is Holder continuous and every geodesic of its
support meets the tie k;. We can therefore apply Theorem 7 and Proposition 8, which show

that dro(&;p) exists and is an O(||€ill,) = O(|l¢ll, ). Therefore, do(y) = 32i_; do(&itp)
exists and is an O(||¢|,).

The second statement comes from the fact that, by Lemmas 3 and 6, the formula
provided by Theorem 7 for the (&) does not depend on the particular family of
geodesic laminations «; tangent to . a

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



222 F. BONAHON

In Corollary 13, the fact that |ao(¢)| < C||p||, implies that the functional ¢ — ()
defines a geodesic Holder current, in the sense that we now define.

If X is a metric space, let H(X) denote the space of Holder continuous functions
¢ : X — R with compact support. For every v > 0 and every compact subset K of X,
let H,(X; K) denote the space of ¢ € H(X) which have Holder exponent v and whose
support is contained in K, endowed with the topology defined by the norm || || . Note
that there is a continuous inclusion map H,(X; K) — H, (X; K) for every v’ < v. Then,
H(X) is the union of all the H,(X; K) as K and v range over all compact subsets of X
and all positive numbers. By definition, a Holder distribution on X is a linear functional
H(X) — R whose restriction to each H,(X; K) is continuous. Note that, when X is a
differentiable manifold, a Holder distribution is a distribution in the usual sense with some
additional regularity properties.

The space H(X) clearly depends only on the Holder equivalence class of the metric of
X, and therefore so does the notion of Holder distribution. In particular, we can talk of
Holder distributions on G(S ) for the natural Holder structure on this space.

Let a geodesic Hilder current on S be a Holder distribution on G (§ ) which is invariant
under the action of m1(S). We will denote by H(S) the space of geodesic Holder currents
on S.

The functional ¢ — &(y) defined by Corollary 13 has the required regularity property,
by the inequality |&o(¢)| < C||¢||,. and is clearly invariant under the action of 71 (S).
Therefore, to each tangent vector &g of ML(.S), Corollary 13 associates a geodesic Holder
current which we will also denote by .

4. Geodesic laminations with transverse Holder distributions

The point of view of geodesic currents is technically powerful, as we will see in §§6-7.
However, for measured laminations, it is perhaps less intuitive than the idea of a geodesic
lamination with a transverse structure. In this section, we reorganize the analysis of §3 to
associate to each tangent vector to ML(S) a geodesic lamination with some transverse
structure.

For this, given a 1-parameter family o; of measured geodesic laminations, we want to
compute the derivative of the measures deposited by the «; on an arbitrary transverse arc k.

When £ is a tie of a train track carrying the «;, the corresponding formula for this
derivative is basically provided by Theorem 7. Extending this formula to the general case
turns out to be more cumbersome than one could have expected. This stems from the fact
that the formula of Theorem 7 strongly depends on the tie ko considered, and that two ties
located on either side of the same switch give two apparently different formulas.

To overcome this difficulty (and explain the irrelevance of the discrepancy between
formulas associated to different ties) we will use the following lemma. This lemma also
plays a fundamental r6le in our classification theorem of [Bo4]. It expresses the fact that
the restriction of a Holder continuous function to a Hausdorff dimension O subset of an
interval is completely determined by its jumps on the components of the complement of
this subset, namely by its jumps over the gaps determined by this set.
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LEMMA 14 (Gap Lemma). — Let A be a subset of Hausdorff dimension 0 of the interior of
an interval [a,b] C R. For every component d of [a,b] — A, let ] and x} be the infimum
and supremum of d . Then, for every Hélder continuous function v : AU [a,b] — R,

v(af) = w0 + Y ($(sz) —v(=))

d'>d

where the sum ranges over all components d' of [a, bl — A which are above d for the ordering
of these components induced by the order of [a,b).

Proof. — The proof is elementary, and is given in detail in [Bo4]. The main idea is that,
since A has Hausdorff dimension O, its image under the Holder continuous map 1 has
Lebesgue measure O in R. O

Note that the conclusion of the Gap Lemma 14 does not hold if we do not require the -
function 1) to be Holder continuous

THEOREM 15. — Consider a 1-parameter family of measured geodesic laminations oy,
t € [0,to], which admits a tangent vector ¢y at t = 0 for the piecewise linear structure of
MUL(S). Let k be a compact oriented arc in S which is transverse to the support of all o,
as well as to the essential support Ao+ of a; as t tends to 0. For every component d of
k — Ao+ , let z7 and x} € k be the infimum and supremum of d for the orientation of k.
Also, given a choice of base point x4 € d, let ht(a:d) denote the a-integral of the subarc of
k consisting of those points which are below x. Then, the right derivative ho(xd) ho(d)
exists and is independent of the choice of x4 for every d. In addition, for every Holder
continuous function ¢ : k — R,

do () = ao(k)p (o) + ZhO d)(d(z7) —¥(27))

where d ranges over all components of k — Ao+ and where x} is the positive end point of k.

Proof. — Decreasing t, if necessary without loss of generality, we can assume that the
ay are all carried by a train track 7. Enlarging 7 a little bit, we can also require that the
supports A; and the essential support Ao+ are contained in the interior of 7.

First consider the case where k is contained in a generic tie ko of 7.

Lift kg to an arc in S which we will also denote by ko, and let 7 be the train track
preimage of 7 in S.

For every d, let h)(z4) be the a;-measure of the subarc consisting of those points of
ko which are below the base point z4. Then, h;(z4) = hl(z4) — h?(z}) where z is the
negative end point of k. It follows that fg(z4) = h3(zq) — h§(xy ), which is independent
of the choice of z; by Lemma 5.

The leaves of Xo+ cutting k£ form a compact subset in the open set of those geodesics
of G(§ ) which transversely cut k in one point. Therefore, we can fix a Holder continuous
function &, : ( ) [0, 1] with compact support which is identically 1 on a neighborhood
of those leaves of Ao+ that cut k, and is identically 0 on those geodesics of G (S) that
do not cut k in one point.
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For every Holder continuous function % : k — R, we can now consider the function
¢ : G(S) — R defined by the property that (g) = & (g)1(g N k) if g transversely cuts k
in one point, and ¢(g) = 0 otherwise. We can choose n large enough so that, for every
geodesic g that realizes the same length n edge path originating at ko as a leaf of Ao+,
then £x(g) = 1. Considering all length n edge paths originating at ko, this decomposes
a:(v) as the sum of a;(¢) and of a term a; > 0 such that lim;_,o+ a;/t = 0, by Lemma 3.
In particular, éo(v)) = éo(p)-

Applying Theorem 7 to this function ¢, we get that

do(¥) = dole) = > h(d)(¢(97) — ¢(ad))
d

where d ranges over all components of ky — Xo+, and where fzg(d) is the right derivative
of t — h%(z4) at t = 0.

If d is contained in k, it is also a component of k — X0+ and (p(gff) = ¢(wdi). If
d is disjoint from k, then <,o(gfit) = 0. If d contains the positive end point z} of k,
then ¢(g}) = 0 by definition, so that v(g;) — ¢(97) = (¥ (z7) — ¥ (z})) + e(z}).
Similarly, go(gd_) - cp(g;) = (1/1 (w;) - w(wf{)) - ¢(x,:) when d contains the negative
end point ;. It follows that

do() = hg(of) o (xf) — By (27 ) ¥ (a5) + ?hg(dx«/)(w;) - 9(2}))
= ho(z}) v (aF) + ;ho(d) (#(z7) - ¥(27))

+ h3 (7)) (w(z;) —v(ei) + 3 (¥(=7) - ¢(m;;)))

d

= ho(z) ¥ (z}) + zdj ho(d) (v(z7) - ¥(27))

by the Gap Lemma 14, where the sums are over all components d of k — Xo+, this time.
Noting that h:(z}) = a:(k), this concludes the proof of Theorem 15 in the special case
where k is contained in a tie ko.

The next case we want to consider is that where k can be homotoped respecting A+ to
an arc k' that is contained in a tie of the train track. This homotopy associates a component
d' of k' — Ao+ to each component d of k — Ao+, and transports the map 9 : k — R to a map
' : k¥’ — R. By the Tracking Lemma 1, the a;-measures a;(1) and a4 (¢)') differ only by
a quantity a; such that lim;_,¢+ a;/t = 0; and similarly for h.(z4) and h}(z4 ). It follows
that ho(d) = hi(d) and () = do(4)’). The result then follows from the previous case.

We now consider the general case. We can decompose the arc k into subarcs ki, ...,
k, with disjoint interiors such that each k; can be homotoped respecting Ao+ to an arc
contaiped in a tie, and where the indexing follows the orientation of k. If x € k; — Ao+,
let hg’) (z) be the a;-mass of the set of those points of k; which are below z. Clearly,
he(z) = B (z) + Z;;ll a¢(k;). Combined with the previous case, this shows that the
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derivative ho(d) = h(’)(d) + Z lc'vo(kj) exists for every component d of k — Ag+
meeting k;. Also,

ao(9) = i%(@[’lki)
_Zao(k)w ) +Zzh")d) zg) =¥ (}))

= do(k)b(a}) +zz(h0<d>_zao<k>) rz) - 0()

where d; ranges over all components of k; — Ag+. In general, a component d of
k — Ao+ corresponds to a unique component d; of some k; — Ag+. However, finitely
many components d of kK — Ao+ are the union of a component d; of k; — Ao+ and
of a component d;11 of ki41 — Ao+; in this case, the terms ho(d;) (v (27 ) — ¥(z}))
and ho(di+1) (¥ (z5,,) — ¥(27,,,)) add up to ho(d)(¢(z7) — (7)) since ho(di) =
izo(di+1) = ho(d) and ml}t =z, Also, the coefficient of each term ao(k;) is

L Y hlez) - () = ()

i=j+1 d;
by the Gap Lemma 14. The theorem easily follows. O

COMPLEMENT 16. — Under the hypotheses of Theorem 15 and given v > 0, there is a
constant C such that &o(¥) < C||9||, for every Holder continuous function v : k — R of
Hélder exponent v. In addition, (1)) depends only on 1 and on the tangent vector .

Proof. — This immediately follows from the proof of Theorem 15 and from Proposition 8.

O

We can apply Theorem 15 to the particular case of measured laminations a; = (1 + t)a

for a fixed measured lamination . We then get the following formula for the a-measure
deposited by « on each transverse arc.

COROLLARY 17. — Let k be an oriented arc transverse to the support A, of a measured
lamination o. Then, for every Holder continuous function v : k — R,

() = a(k)p(zF) + Y h(d) ($(z7) - ¥ (aF))

where d ranges over all components of k — \,, where x; and x are the positive and
negative end points of d, where h(d) is the a-mass of the set of points of k which are below
d, and where x}} is the positive end point of k. O

The formula of Corollary 17 can also be deduced from the Gap Lemma 14, and from
the estimates used in the proof of Proposition 8. See also [Bo4] for a generalization to
geodesic laminations with transverse Holder distributions. Note that, in the generic case
where kN A, is a Cantor set, the hypothesis that v is Holder continuous is absolutely
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necessary for the formula to hold, as shown by the numerous examples of non-constant
continuous functions on k which are locally constant on k& — A,.

Theorem 15 and Complement 16 associate to each tangent vector of ML(S) a Holder
distribution on each arc k transverse to the essential support A\o+. We would like to say
that these data define a transverse invariant Holder distribution for the geodesic lamination
Ao+. The invariance property under homotopy respecting the lamination requires a little
care in the definition because of the Holder condition.

To specify this property, consider a geodesic lamination A on S, for a given negatively
curved metric m with totally geodesic boundary on S. Let k and &’ be two differentiable
arcs transverse to A which can be homotoped from one to the other by a continuous
homotopy respecting A. In general, we cannot assume that this homotopy is differentiable.
However, this homotopy establishes a one-to-one correspondence between kN A and &' N A,
as well as between the components of k£ — A and the components of &' — A\. An easy
geometric estimate shows that the length of a component of £ — A is bounded above
and below by constants times the length of the corresponding component of k' — \. (The
constants depend on the curvature of the metric m, on the diameter of k£ U &/, and on
the minimum angle between k, k', and )). Since k N A has Hausdorff dimension 0, the
distance in k between two of its points is equal to the length of the components of k' — A
separating them. It follows that the correspondence k¥ N A — k' N A is Lipschitz (= Holder
continuous of Holder exponent 1), as well as its inverse. Therefore, we can choose the
homotopy so that the homeomorphism 6 : k — k' it provides is Holder continuous, as well
as its inverse; in this case, we will say that 6 is Holder bicontinuous. If this holds, note
that 6 enables us to identify Holder distributions on & and Holder distributions on &'.

Given a geodesic lamination A, a fransverse (invariant) Holder distribution for )\ is
a Holder distribution defined on each differentiable arc k transverse to A, and such that
every Holder bicontinuous homotopy sending & to another arc k' while respecting A sends
the Holder distribution defined on k to the Holder distribution defined on &’.

With these definitions, it is immediate that Theorem 15 and Complement 16 associate to
each tangent vector to ML(S) a geodesic lamination endowed with a transverse Holder
distribution.

Corollary 13 and Theorem 15 suggest a relationship between, geodesic laminations with
transverse Holder distributions in S on one hand, and geodesic Holder currents whose

support in G(S ) is a geodesic lamination of S on the other hand. And indeed, these two
notions are shown to be equivalent in [Bo4].

5. Transverse Holder distributions and tangent vectors
to the space of measured geodesic laminations

We showed that every tangent vector to ML(S) can be interpreted as a geodesic
lamination with a transverse Holder distribution. In this section, we characterize which
geodesic laminations with transverse Holder distributions are associated in this way to
tangent vectors of ML(S) at a € ML(S).

First, we state the following classification theorem, proved in [Bo4]. If « is a transverse
Holder distribution for the geodesic lamination A and if k& is an arc transverse to A\, we
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define (k) to be the a-integral of the constant function 1 on k. In particular, for every
edge e of a train track carrying A, we can define a(e) to be a(k.) for any tie k. of e.

THEOREM 18 [Bo4]. — If the geodesic lamination X\ is carried by the train track T,
a transverse Holder distribution o for X\ is uniquely determined by the numbers o(e) it
associates to the edges of T. In particular, the space H(\) of transverse Holder distributions
for X is a finite dimensional vector space. In addition, the dimension of H(X) is equal to
—X(A) + no(A), where x(X) < 0 is the Euler characteristic of A and where n,(\) is the
number of orientable components of . O

The Euler characteristic x(\) can be defined as the alternating sum of the Cech
cohomology groups of A, considered as a subset of S. A more practical definition, if X is
m-geodesic for some negatively curved metric m, is that x () is the Euler characteristic of
the e-neighborhood of A for € sufficiently small. In the ‘generic’ case where X is maximal,
namely when the complement S — X consists of finitely many triangles with all vertices at
infinity, a counting argument easily shows that the dimension of H(\) is equal to —3x(S).

THEOREM 19. — Let a9 € ML(S) and let ) be a geodesic lamination which contains
the geodesic lamination Ao underlying «g. Then, a transverse Holder distribution o for
A represents a tangent vector of ML(S) at «g if and only if a(k) = 0 for every arc k
transverse to X\ and disjoint from .

Proof. — The condition is clearly necessary. Indeed, for such an arc k and if « is tangent
to a path t — a; € ML(S) starting at «g, then a(k) is the derivative of ay(k) > 0
and ao(k) = 0.

Conversely, assume that a(k) > 0 for every arc k transverse to A and disjoint from A.

Let 7 be a train track carrying A. The general theory of train tracks (see for instance
[Th1][PeH]) provides, for ¢ sufficiently small, a measured geodesic lamination «; carried
by 7 such that a;(e) = ao(e) + ta(e) for every edge e of 7. In addition, the geodesic
laminations underlying these o are contained in a compact subset of the interior of 7.

This path ¢t — «; in ML(S) is piecewise linear, and we want to show that its tangent
vector ¢y is represented by a. The core of the proof is contained in the following lemma.

As usual, we lift the situation to the universal covering S , and we let tildes ~ denote
preimages in S. If 7y is an edge path in 7, there is an arc k., contained in a tie of 7 such
that the leaves of A that realize « are exactly those that cut k.. Since this number is clearly
independent on the choice of k., we set a(y) = a(k,).

Note that the condition that «(k) > 0 for every arc disjoint from Ao implies that
a(y) = 0 for every edge path ~ such that ag(y) = 0.

LeMMA 20. — For every edge path v of T, a(7) = ao(y) + ta(y) for t sufficient small.

Proof. — Note that this property cannot hold without the hypothesis that «(k) > 0 for
every arc k disjoint from Ag, since a¢(7y) has to be non-negative.

We will prove the lemma by induction on the length n of the edge path y,, = (e1, ..., €n)
of 7.

The property holds for » = 1 by definition of o;. Assume as induction hypothesis that
it holds for every edge path of length at most n — 1.
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As in the proof of Lemma 2, select a ‘left’ side and a ‘right’ side for 7y,.. Let GL, € G(S)
consist of those geodesics which realize some path (e}, €;+1, . .., e,) with e #e; branching
in on the left side of +y,. Similarly define G}, consisting of geodesics branching in on the
right side of ,. Also, if s is the switch separating e,,_; from e,, let A' (resp. A", A,
AY) consist of those geodesics of G(§ ) which realize an edge path consisting of one of the
edges entering s on the same side as e,,_; (resp. e,—1, €n, €,) and on the left (resp. right,
left, right) side of +,,. Finally, let H, = G},_,UA' —A!, and H} = G,_; UA™ — A7, for
instance, H., consists of those geodesics which cross s after branching in on the left side of
v, and which do not branch out on the left side of e,,. Then, as in the proof of Lemma 2,

o (Hy) = max {ae(Gp_y) + e (A1) — o (4}), 0}
ar(Hy) = max {on (G}, _y) + 0 (A) — o (43),0}
at(GL) = min {at(en), ozt(H}l)}

a(G,,) = min {ou(en), e (Hy,) }

o) = aelen) — 0 (Gy) — e (GY).

Note that H), is a disjoint union of G, associated to edge paths ~. Therefore, we can
talk of a(HY), defined as the union of the corresponding c(7y). The same applies to HY,
G, G, AL, A, A, A%

Our first goal is to prove that a; (H.) = ao(H}) + te(H}) for ¢ sufficiently small. For

this, note that G%,_,, A" and A!, are disjoint unions of G., associated to edge paths 7 of
length at most n — 1. By induction hypothesis, is follows that

o (Hy) = max {ao(Gr_y) +eo(AL) = ao(4) +t(a(Gor) +a(AL) - a(4))), 0}

The intersection points of geodesics of AN (G',_; U AL ) form an interval of sN X adjacent
to the left end of the tie s. The same property holds for the geodes1cs of AN Al
follows that, either A N (GY,_; U AL) is contained in A N A, or AN A, is contamed in
AN (G,_,UAL). We now distinguish cases.

AN (GL_yuAL ) is contained in A N A'+, then aB(H,ll) = a(H)) = 0. Also,
ao(AY) —ao(Gh_y) — o (AL) > 0. In addition, /\ﬁA1 —AN(G_; U AL) is the disjoint
union of finitely many AN G,. It follows that, if ag (A+) — g (GL_l) — g (AL) =0,
then a(A4Y) — a(Gh_,) — a(Al_) > 0 since a(y) = 0 for every v with ag(y) = 0.
As a consequence,
or(H,) = max {ao(G,1) + ao(AL) = a0 (4} ) +t(a(Gh1) +a(AL) - a(4})), 0}

=0
= ao(H,ll) + ta(H,ll)
for ¢t sufficiently small.
The other case is when A N A, is contained in A N (G.,_, U A"). Then,

o (HL) = o (Gh_y) + a0 (L) — g (4})
o(H.) = a(Gh_,) +a(AL) - a(4}).
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In addition, AN (GL_1 U Al_) —XﬂA:_ is the disjoint union of finitely many XOGW. It follows
that, if (Gl _;) + ao(AL) — ap(AY) = 0, then o(G),_;) + a(AL) — a(4}) > 0 by
hypothesis on . As a consequence,

o (HL) = max {ag(G,_;) +ao(AL) — ao(4Y) +£((GL_;) +a(4)) — a(4})),0}
= ao(Gr1) +ao(AL) = ao(A}) +t(a(Grr) +a(AL) - a(4}))
= ao(H,) +ta(H})

for t sufficiently small.
This proves that, in all cases, o (H}) = ao(H}) + te(H),) for ¢ sufficiently small.
Similarly, if E,, C G(g ) consists of those geodesics which realize the edge path (e,),

either A N E,, is contained in A N H}, or XN H! is contained in A N E,. In both cases,
the same kind of argument as above, using the fact that a(vy) > 0 for every v with
ap(y) = 0, shows that

a;(G),) = min {ag(en) + talen), ao(Hy) + ta(Hy) } = ao(G),) + ta(Gh)

for t sufficiently small.

Replacing ‘left’ by ‘right’ everywhere also shows that a,(G%) = ao(G}) + ta(Gh)
for ¢t sufficiently small.

Finally, for every geodesic lamination g carried by 7, iz N E,, is the disjoint union of
ENG, , pNG. and i N GY,. We conclude that,

ai(1n) = as(en) — at(G'") - (GY)
= aglen) + tafen) — ag(Gy) — ta(Gh) — ao (G — ta(GY)
= ao(7m) + ta(n)

for t sufficiently small.

This concludes the proof of Lemma 20. O

We can now determine the essential support Ao+ of the a; as ¢ tends to 0*. By Lemma 3,
a geodesic g € G(S) belongs to Ao+ if and only if it is carried by 7 and if ag(y) > 0
or dg(y) > 0 for every edge path v realized by g. Lemma 20 implies that do(y) = a(y)
for every edge path . Therefore, for every edge path ~ realized by a geodesic g € Ao+,
G., meets the support of ap or the support of c. In particular, since these G, form a
basis of neighborhoods for g € X0+ and since A is closed, every g € X0+ belongs to .
As a consequence, the essential support Ao+ is contained in A, and the tangent vector &y
determines a transverse Holder distribution for .

By Theorem 18, a transverse Holder distribution for A is determined by the weights
it defines on the edges of 7. By construction of the «;, do(e) = a(e) for every edge
of 7. Therefore, « is exactly the transverse Holder distribution associated to the tangent
vector ¢y of ML(S) at ay.

This concludes the proof of Theorem 19. O

The criterion provided by Theorem 19 can be made a little more practical as follows.
A geodesic lamination can be uniquely decomposed as the union of finitely many (closed
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disjoint) minimal sublaminations, in which all leaves are dense, and of finitely many
infinite isolated leaves g for which each end is asymptotic to one of these minimal
sublaminations (see [Thl], [CEG, §4.2]). If g is an isolated leaf of A\ and if « is a
transverse Holder distribution for A, let the a-mass a(g) of g be the number a(k,) where
k4 is any arc transverse to A such that k, N A = k, N g consists of exactly one point.

The support of a measured lamination has no infinite isolated leaves, and therefore is
the union of finitely many minimal sublaminations.

THEOREM 21. — Let the geodesic lamination A contain the geodesic lamination underlying
ag € ML(S). Then, the transverse Hélder distribution « for A corresponds to a tangent
vector of ML(S) at «y if and only if the following three conditions hold:

(i) every infinite isolated geodesic of A has non-negative a-mass;

(ii) every infinite isolated leaf of A which is asymptotic to a minimal sublamination of \
that is not contained in the support of g has a-mass 0;

(iii) the restriction of « to each minimal sublamination of X that is not contained in the
support of o is a transverse measure (this restriction makes sense because of Condition (ii)).

Proof. — First, let us show that Conditions (i), (ii) and (iii) are necessary for a to
correspond to a tangent vector of ML(S) at «.

Condition (i) immediately follows from Theorem 19 and the definitions.

Now, consider an infinite isolated geodesic g which is asymptotic to a minimal
sublamination A; of A which is not in the support of «g. Let k be an arc transverse
to A which meets A; and no other minimal sublamination of A. Then, g hits k£ in infinitely
many isolated points. Choose small arcs around n points of g N k. The complement of
these small arcs consists of n + 1 arcs k' such that (k") = 0, and therefore such that
a(k’) = 0 by Theorem 19. In particular, a(k) is the sum of na(g) > 0 and of a non-
negative number. Since this is true for every n, we conclude that a(g) = 0. This proves
that Condition (ii) is necessary.

Finally, let A\; be a minimal sublamination of A\ which is not in the support of «y.
In [Bo4, Proposition 18], we show that a transverse Holder distribution § for A; is a
transverse measure if and only if 3(k) > 0 for every transverse arc k (this is relatively
elementary). By Theorem 19, the restriction of a to A; satisfies this condition, and is
therefore a transverse measure. This proves that Condition (iii) is necessary.

Conversely, assume that Conditions (i), (ii) and (iii) are satisfied. If k is an arc transverse
to A and disjoint from the support of ap, we can split it into finitely many arcs k; such
that, either k; intersects A in finitely many points located on infinite isolated leaves, or
k; meets exactly one minimal sublamination \; and possibly some infinite isolated leaves
asymptotic to A;. In the first case, «(k;) > 0 by Condition (i). In the second case, a(k;) = 0
by Conditions (ii) and (iii). We conclude that a(k) > 0 for every arc k transverse to \
and disjoint from the support of . By Theorem 19, this proves that « corresponds to a
tangent vector of ML(S) at ap. |

THEOREM 22. — Let the geodesic lamination )\ contain the geodesic lamination underlying
ag € ML(S). Then, the transverse Holder distributions « for \ corresponding to tangent
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vectors of ML(S) at ag form a closed convex cone in the vector space H(A) of all transverse
Holder distributions for A\, and this cone is bounded by finitely many hyperplanes.

Proof. — Let 7 be a train track carrying A. By cutting 7 open along some arcs carried by
T, originating from switch points and disjoint from A, we can arrange that the following
two conditions are met:

(a) if a tie k of 7 meets a minimal sublamination A;, every other leaf of A that meets
k is an isolated leaf that is asymptotic to A;;

(b) for every infinite isolated leaf g, there is a tie k of 7 such that kN A =knNyg
consists of exactly one point.

By Theorem 18, the transverse Holder distributions for A are determined by the numbers
a(e) they associate to the edges e of 7.

By (b), Conditions (i) and (ii) of Theorem 21 are equivalent to the property that some of
these a(e) are non-negative or are equal to 0. For a minimal sublamination A; that is not
in the support of «g, a result of A. Katok [Ka] (see also [Pal], [PeH], [Bo4, §4]) asserts
that there are finitely many transverse measures for A; such that any other transverse
measure can be uniquely written as a linear combination of these transverse measures with
non-negative coefficients; this also follows from Theorem 18. Therefore, Condition (iii) of
Theorem 21 for A; can be expressed by the property that the set of those a(e) with e
meeting \; is contained in a certain linear simplex. This clearly concludes the proof. [J

The representation of tangent vectors to ML(S) by geodesic laminations with transverse
Holder distributions also provides a nice interpretation of the faces of the piecewise linear
structure of ML(S). Recall that two tangent vectors at the same point of a piecewise
linear n-manifold belong to the same face if, when we consider the two tangent vectors
of R™ associated to these two vectors by a local chart, the differential of every change of
chart is linear on the positive cone generated by these two vectors. In the case of ML(S),
recall that the piecewise linear structure is defined by the maps f; : ML(S) — R where
k ranges over all generic arcs of S and where fi(ay) is the total mass of the measure
deposited by g on k. Therefore, two tangent vectors « and (3 at ag € ML(S) belong
to the same face if and only if, for every a, b > 0, there is a third tangent vector « such
that dfy(v) = adfi(a) + bdfx(B3) for every generic arc k. Note that, if we interpret the
tangent vector o as a geodesic lamination with transverse Holder distribution, the image
dfx(a) of « under the differential of f is just the integral a(k) of the constant function
1 under the Holder distribution deposited by « on k.

PROPOSITION 23. — Let o and 3 be two tangent vectors at ag € ML(S), considered as
geodesic laminations with transverse Holder distributions. Then, o and [3 belong to the
same face of the piecewise linear structure of ML(S) if and only if their supports A, and
Ap are sublaminations of a same geodesic lamination, namely if and only if no geodesic of
Ao transversely crosses a geodesic of Az and conversely.

Proof. — If A, and Ag are sublaminations of a geodesic lamination A, then o and
[ are transverse Holder distributions for A. If a and b are non-negative numbers, then
v = aa + bf is also a transverse Holder distribution for A which, by Theorem 22, is
associated to a tangent vector at «g. Since y(k) = aa(k) + bB(k) for every generic arc k,
this proves that « and [ belong to the same face.
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Conversely, assume that there is a geodesic of A, which crosses a geodesic of Ag.
Suppose that o and [ belong to the same face. Then, for a, b > 0, there is a tangent
vector  such that y(k) = aa(k) + bB(k) for every generic arc k. The support of -y in
G (S) contains at least the symmetric difference of the supports A, and Ag. In particular,
by assumption on A, and Ag, there are two geodesics of the support of v which cross each
other, contradicting the fact that this support is a geodesic lamination of S. Therefore, a
and (3 cannot belong to the same face. a

To each face in the tangent space of ML(S) at o, Proposition 23 associates a geodesic
lamination A. This A contains the geodesic lamination underlying «y, and is the essential
support associated by Lemma 3 to a tangent vector in the interior of this face. It is
consequently important to know which geodesic laminations can be obtained in this way.
By Proposition 4, this is equivalent to asking which geodesic laminations are the Hausdorff
limit as t tends to 0" of the geodesic laminations underlying the elements of a piecewise
linear path ¢ — o« starting at «p.

An easy necessary condition is that each connected component A; of a geodesic
lamination A obtained in this way must be chain recurrent. This means that, for every
e > 0, any two points of A; can be connected by a chain of arcs contained in A and small
jumps such that the tangent vector of each arc at its terminal point is within € of the tangent
vector of the next arc at its initial point. In practice, it is easy to express this condition in
terms of how the infinite isolated leaves of A connect its minimal sublaminations, taking
into account the orientations of those minimal sublaminations which are orientable.

Using train track approximations, it is not very difficult to prove that this chain recurrent
condition is actually sufficient (see [Th4], [PeH]). Namely, for every geodesic lamination
A containing the geodesic lamination underlying 9 and whose connected components are
all chain recurrent, we can construct a piecewise linear path ¢ — o, starting at o and
whose Hausdorff limit as ¢ tends to 0% is equal to \. In other words, a geodesic lamination
is associated to a face of ML(S) at oo if and only if it contains the geodesic lamination
underlying o and its connected components are all transversely chain recurrent.

It is also probably worth mentioning the following corollary of Theorem 21 and
Proposition 23: There are tangent vectors to ML(S) which are contained in no face of
maximal dimension 3|x(.S)|. This is another indication of the complexity of the piecewise
linear structure of ML(S).

6. Length of Holder geodesic currents

Consider a metric m of negative curvature on the surface S for which the boundary 9.5
is totally geodesic. For a free homotopy class of closed curves «y on S, the length of ~v with
respect to m is the length [,,,(7y) of the (unique) multiple of closed m-geodesic contained
in y (with the convention that /,,(«y) = 0 if the curves of « are homotopic to 0). It turns
out that this length function extends to a linear continuous function [,, : C(S) — R*. In
particular, there is a unique continuous function [,,, : ML(S) — R* such that, when «
is a closed geodesic A\, endowed with the transverse Dirac transverse measure of weight
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a > 0, A\, () is equal to a times the length of the closed m-geodesic homotopic to A,
(see [Thl, §9.3], [Bol, §4.2], and below).

Given a path ¢ — a; in ML(S) which admits a tangent vector ¢ at t = 0, we
would like to compute the right derivative %lm(at)p:o- Our interpretation of & as a
geodesic lamination with transverse Holder distribution provides an immediate solution
to this problem.

Indeed, let us recall how the length [,,(c) of a geodesic current o € C(S) is defined:
Consider the projective tangent bundle PT'(S) of S, consisting of pairs (z,d) where z € S
and d is a line passing through the origin in the tangent plane of S at x. If we endow S with
the metric m, every m-geodesic can be lifted to PT(S) by considering the tangent line at
each of its points. Let PT,(S) C PT(S) be the union of the lifts of those geodesics of S
which do not transversely hit the boundary (PT(S) = PT(S) when 9S = 0). These lifts
of geodesics foliate PT,(S), in the sense that every point of PT,(S) has a neighborhood
homeomorphic to some space D x [0,1] where each arc * x [0,1] is contained in a lift
of geodesic. This foliation F is the geodesic foliation of PT(S). Locally, a point of
PTy(S) is characterized by the leaf of F containing it, and by where it sits on that leaf.
Consequently, given a € C(S), we can consider on PTy(.S) the measure which is locally
the product of o and of the length measure deposited by m on the leaves of F. Then,
l,(a) is defined as the total mass of this measure.

More precisely, choose a continuous partition of unity &; : PTo(S) - R, i =1,..., n,
such that 3.7 & = 1 and such that the support of each ¢; is contained in the interior
of a flow box B; for F in PTy(S); namely, there is for each i a homeomorphism
o; : D; x [0,1] — B; for some space D;, such that each 0;(g x [0,1]) is contained in a
leaf of F. Lifting the situation to the universal covering S and assuming the B; sufficiently
small, we can identify D; to a subset of G(S), well-defined modulo the action of 71(.5)
on G(g) Since o € C(S) is invariant under the action of 7;(S), it follows that « induces
a measure « on D;. Then,

(@ =Y [ [ &(eta.0)an(t) o) = Y- ate)

where ¢; : G (§) — R is the continuous map with compact support defined by
1

vi(9) = / &i(oi(g,t)) dm(t) when g € D; C G(S) and ;(g) = 0 otherwise.
0

It turns out that the last term of this formula makes sense when « is only a Holder
distribution, provided that we choose the ¢; and &; Holder continuous (which we can
always assume). Indeed, under this regularity hypothesis, it follows from the definition of
the Holder structure of G (S) that the maps ¢; are Holder continuous. Therefore, given
a € H(S), we can define

n

Im(@) =) a(s)-

=1

By linearity of the formula and by invariance of o under the action of 7 (S), this is clearly
independent of the choice of the &;, o; and lifts of B; to PT(S). Also, this l,,() is a
continuous function of o by definition of the topology of H(S). This proves:
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THEOREM 24. — Given a metric m of negative curvature and with totally geodesic
boundary on S, there is a continuous linear function l,, : H(S) — R such that, when
a € C(S) C H(S) corresponds to a closed geodesic A endowed with a weight a, l,, () is
equal to a times the length of this m-geodesic. O

In particular, by continuity and linearity of /,,:

COROLLARY 25. — If t — «a is a 1-parameter family of measured geodesic laminations
which admits a right derivative &y € H(S) at t = 0, then

0 .
3t—+lm(at)|t=o = lm (o).

In particular, the length function l,, : ML(S) — R* has a differential at each point of
ML(S), and this differential is linear on each face of the piecewise linear structure of
ML(S). a

In [Bo5], we give an explicit formula, based on the Thurston symplectic form on H(\),
which expresses this variation [,,,(c) in terms of the shear coordinates associated to m
and to any maximal geodesic lamination A containing the support of c¢.

7. Lengths of realizations of measured geodesic laminations

In this section, we consider an extension of §6 to higher dimensions (in practice,
dimension 3 for applications). This also extends §6 to metrics with cusps on surfaces. For
simplicity, we will restrict attention to hyperbolic metrics, namely complete Riemannian
metrics of constant curvature —1.

Consider a hyperbolic manifold M endowed with an isomorphism 71 (M) = 71(S).
Note that M will not be compact if its dimension is higher than 2. Let fy : S —» M
realize the isomorphism 71 (M) = 71(S). Then, for every closed curve 7 in S which
is not homotopic to 0, let I5/(7y) be the infimum of the lengths of those curves in M
which are homotopic to fo(7). Thurston proved. that there is a (unique) continuous map
lpr : ML(S) — R such that I () = alps(Aa) when « is a closed geodesic A, endowed
with the Dirac transverse measure of weight a > 0; see [Thl], [Bol, §5], and compare
Proposition 28 below. This map Iy, : ML(S) — R* played an important rdle in his
analysis of the structure of open hyperbolic 3-manifolds [Th1] (see also [Bol]). We want
to compute the differential of this map.

To do so, we will follow Thurston and use the notion of realization of a geodesic
lamination. The geodesic lamination A on S is realized by the map f : S — M if f is
homotopic to f and if f sends each leaf of A to a geodesic of M. The geodesic lamination
A is realizable if it can be realized by some map f : S — M. When X is the geodesic
lamination underlying some o € ML(S), it can be shown that X is realizable if and only
if Ipr(a1) > 0 for every connected component «; of a; see [Thl, §8], [CEG], [Bol, §5].

As usual, let tildes ™ represent lifts and/or preimages to universal coverings. In particular,
G(M ) (M X Moo — A) /Z> will denote the set of geodesics of the universal covering
M of M. Choosing a base point in M identifies the sphere at infinity to the sphere of
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unit tangent vectors at this base point, and therefore endows ]T/fw with an ‘angle’ metric.
By an easy estimate of hyperbolic geometry, the Holder equivalence class of this metric
is independent of the choice of base point. This defines a natural Holder structure on
G(M) ~ (Moo X M., — A) /Z5. Beware that, unlike in the case of S, the dynamics of
the action of 71 (M) on G(M ) for this Holder structure depend on the hyperbolic metric
of M, if we do not have any further hypothesis on this metric.

If A is a subset of G (g), we will say that a geodesic g € G(g) is e-tracked by A if,
for every z € g C S, there is a geodesic h € A and a point y € h such that the direction
of g at z and the direction of h at y are within e from each other in the projective tangent
bundle of S for the metric induced on this bundle by the base metric m on S. The set of
those geodesics of S which are e-tracked by A will be denoted by G(S A, E)

LEMMA 26. — Let f : S — M realize the geodesic lamination )\, and let f: S—M lift
f. Then, there is an € > 0 such that, for every geodesic g which is e-tracked by X, there is a
unique geodesic g* of 1 M which stays at bounded distance from f(g) In addition, the map
T G(S X, €) — G(M) defined by r(g) = g* is proper and, for every compact subset K of
G (S ) the restriction of r is Holder bicontinuous from KNG (S X 6) to its image in G (M )

Proof. — Choose an € > 0, which we will later adapt to our needs.

Since f is proper and commutes with the actions of 7 (.S), there is a constant C' such
that the images of two points which are at least C' apart in S are at least 1 apart in M.

Let g € G(g) be e-tracked by X Itis possible to decompose g as a union of intervals
I, n € Z, of length 3C such that each I,, overlaps with I,,,; over a length of C, and
such that eac~h I,, is at Hausdorff distance at most €; from an interval I, contained in a
geodesic of A, where ¢; depends on € and tends to O as € tends to 0.

By uniform continuity of f, f(In) is at Hausdorff distance at most €5 from f(IL) in M,
where € is a constant which tends to 0 as € tends to 0. Since I,, overlaps with [, 1, there
are intervals I} C I, and I, C I/, whose images under f are at Hausdorff distance
at most 2e; from each other. In addition, by choice of the constant C, the length of the
arcs f(I7), f(I}) and f(I' — (I7 UI})) is at least 1 — e.

Since f realizes ), the f (I ') are geodesic in M. We can therefore connect the central
parts f (I’ (I, ULY)) by geodesic arcs to form a piecewise geodesic curve g’ in M
which is at Hausdorff distance at most 2e; from f(g), and which is made up of geodesic
arcs of length at least 1 — 2e, meeting at angles at least 7 — §, where § is a constant
tending to O as € tends to 0. A major property of negatively curved manifolds is that, for
6 sufficiently small, such a curve g’ stays at uniformly bounded distance from a geodesic
g* of M (see for instance [CEG, Theorem 4.2.10]); in addition, this geodesic is unique
since no two distinct geodesics of M stay at bounded distance from each other. Therefore,
for ¢ sufficiently small, the image f (g) of any geodesic g which is e-tracked by X stays
at uniformly bounded distance from a unique geodesic g* of M.

By construction, the Hausdorff distance between g* = r(g) and f(g) is uniformly
bounded. It follows that r : G (S; )\,e) - @G (M ) is proper.
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Given a constant D, the angle between two geodesic rays of M issued from a base point
Zo € M is bounded above and below by two functions of type AB~¢, where d is the
distance after which these two geodesic rays stay at least D apart, and where A > 0 and
B > 1 are constants depending only on D. It follows that, if h and b’ are two geodesic
rays originating from points at distance at most D /2 from Zo, the angles under which their
end points in M., are seen from I, are also bounded above and below by two functions
of this type. Since a similar estimate holds in S and since the Hausdorff distance between
g* =r(g) and f (g) is uniformly bounded, it immediately follows that the map 7 : g — g*
is Holder bicontinuous on every K N G(S X, ¢) with K compact in G(S ) O

We will say that the geodesic Holder current o € H(S) is e-tracked by the geodesic
lamination A if every geodesic of the support of « in G (S ) is e-tracked by A. Let H(S; A, €)
denote the set of a € H(S) which are e-tracked by A.

Let H(M) denote the set of m1(M)-invariant Holder distributions on G(JT/f ).

Consider the geodesic current o € C(S) C H(S) associated to a closed geodesic ~y
of S and to a weight a > 0. Namely, « is the Dirac measure of weight a defined by
the discrete closed subset of G(S) consisting of all possible lifts of . Then, « defines
an element o of H(M) as follows: If f(7) is homotopic to a closed geodesic v* of
M, o™ is the Dirac measure of weight a defined by the discrete closed subset of G(M )
consisting of all possible lifts of v*; otherwise, f(y) can be homotoped to arbitrarily short
curves, and o* = 0.

LeEMMA 27. — Under the hypotheses and conclusions of Lemma 26, there is a continuous
map p : H(S; )\, e) — H(M) such that, when « is defined by a weighted closed geodesic
which is e-tracked by )\, p(«) is the element o* associated to o as above. In addition, there
is a compact subset My of M such that every geodesic of the support of some p(«) with
a € H(S; A, e) is contained in the preimage of My in M.

Proof. — Let r : G(g;x,e) - G(M) be the map g — g* defined by Lemma 26.
Consider o € H(S;\¢). If ¢ : G(M ) — R is Holder continuous with compact support,
the composition ¢ o 7 is also Holder continuous with compact support on G (S; ), €), by
Lemma 26. We can then define p(a)(p) = a(p or) since the support of « is contained
in G (§;X,a). The Holder distribution p(«) so defined is m;(M)-invariant, and clearly
depends continuously on .

The fact that p() = a* when « is associated to a weighted closed geodesic e-tracked
by A is immediate from the definitions.

For every g € G(§;X,s), the geodesic 7(g) € G(]T/f ) stays at uniformly bounded
distance from f(g) Its projection to M therefore stays in a compact neighborhood M,
of f(S). Since the support of each p(«) is contained in T(G(§ % €)), this concludes the
proof.

Given a compact subset My of M, let H(M,) denote the set of those 7, (M)-invariant
Hélder distributions o on G(M ) such that every geodesic of the support of « is contained

in the preimage of My. Then, we can define a length function 5y on H(My) by a formula
analogous to the one used in §6.
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Namely, consider the projective tangent bundle PT'(M), endowed with its geodesic
foliation F. Cover a neighborhood of the preimage of M in PT (M) by finitely many flow
boxes B;, ¢ = 1, ..., n; namely, there is for each i a Holder bicontinuous homeomorphism
o; : D; x [0,1] — B; for some space D;, such that each o;(g % [0,1]) is contained in a
leaf of F. For each i, choose a Holder continuous function &; : PT'(M) — R with support
contained in the interior of B;, in such a way that Y., & =1 on the preimage of M in
PT(M). Lift each flow box B; to the universal covering M so that, assuming these flow
boxes small enough, D; becomes identified to a subset of G (M )

Then, for a € H(M,), define

n

@) =3 [ [ &(eta.0)am(®)dato) = 3 alp)

=1
where m is the metric of M and where wi: G (]Tf ) — R is the Holder continuous map

1
with compact support defined by ;(g) = / &i(oi(g,t))dm(t) when g € D; C G(M)
0

and ¢;(g) = 0 otherwise.
The map Il : H(Mo) — R so defined is clearly continuous.
If v is a closed geodesic of M which is contained in My, the set of all possible lifts

of v to M forms a discrete closed subset of G(]T/f ) Then, the Dirac measure of weight
1 defined by this discrete closed subset provides an element o of H(My). For this «, it
is immediate that [5/(c) is exactly the length of ~.

Combining this with Lemmas 26 and 27, we get:

PrOPOSITION 28. — Let the geodesic lamination A be realized by some map f : S — M.
Then, there is an € > 0 and a continuous linear function lp; : H(S; A, e) — R such that
Iy (@) = alpy(Ao) when o € C(S) NH(S; A, €) is a closed geodesic A, endowed with the
Dirac transverse measure of weight a > 0. O

The measured geodesic laminations corresponding to simple closed geodesics endowed
with Dirac transverse measures of positive weights are dense in the space M L(S) (see [Thl,
§8]). It follows that the function I, of Proposition 28 coincides with Thurston’s function
Iyg : ML(S) — RT on ML(S) N H(S;\,¢).

A geodesic lamination A in S is realizable in M if it can be realized by some map
f + S — M homotopic to the given map fp : S — M. It can be shown that X is
realizable if and only if each of its minimal sublaminations is realizable; see [Thl, §8],
[CEG, §4.2]. When M has dimension at most 3, the analysis of [Thl] (see also [Bol])
shows that there are only finitely many non-realizable minimal geodesic laminations; the
non-realizable closed geodesics of S are exactly those whose image under f, is homotopic
to a cusp of M; the other non-realizable minimal laminations are the ending laminations
of geometrically infinite ends of M.

We will say that a path ¢t — a; € ML(S), t € [0,t0], has a strong tangent vector at
0% if it has a tangent vector ¢, for the piecewise linear structure of ML(S) and if, as
t tends to 0%, the essential support Ao+ of the o, is equal to the Hausdorff limit of the
geodesic laminations A; underlying the ;. As seen in §2, the essential support is always
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contained in this Hausdorff limit, if it exists, but is not necessarily equal to it. However,
by Proposition 4, any piecewise linear path ¢ — «; has a strong tangent vector at 0F.

THEOREM 29. — Let t — oy € ML(S), t € [0,%0], be a 1-parameter family of measured
laminations admitting a strong tangent vector ¢ at t = 0. Assume that the geodesic
lamination A underlying oy is realizable in M, and decompose Ay+ as the union of its
realizable components \j, and of its non-realizable components A{'.. Then, the function
t — lp(o) admits a right derivative at 0 and, if & is the restriction of the Holder
distribution &g to X, this derivative is equal to the length 1 (o) defined by Proposition 28.

Proof. — As indicated above, a geodesic lamination is realizable if and only if each of
its minimal sublaminations is realizable [Thl, §8][CEG, §4.2]. By Theorem 21, Ay+ is
the union of )y, of some infinite isolated leaves, and of minimal sublaminations which
are not in the closure of any isolated infinite leaf. Since A is realizable, it follows that
Agi consists only of minimal sublaminations which are connected components of Ag+,
and that A\ is contained in Af,.

By hypothesis, the geodesic lamination A; underlying «; converges to Mg+ for the
Hausdorff metric. Therefore, for € > 0 sufficiently small, «; naturally splits as the sum of
two measured geodesic laminations aj and af" which are respectively e-tracked by Af;
and Aj%, for ¢ sufficiently close to 0 (depending on ¢).

Applying Proposition 28 to the realizable geodesic lamination Af, , we get for € > 0 small
enough a linear continuous map I, : ’H(S ; )\6+,e) — R such that [5;(«) coincides with
Thurston’s length for every measured geodesic lamination o € ML(S) N H(S ; /\g+,a).
Then, by linearity and continuity of [, for the topology of H(S ; )\‘0+,a),

0 In(af) — Ia(ao) — lim lM(Oé§ - 040)

— r — ]
ott lM(at)|t=0 t1—1>I(I)1+ t t—0+ t
r ————
= Ipg (tglgl+ i’ 0‘0) = Iy(ad).

Since the components g} are not realizable, the shortening process of [Bol, §5] proves
the following: For every n > 0, there is a map f : S — M homotopic to f, and a train
track 7 carrying Af} such that, for every measured geodesic lamination « carried by 7,
the length of f(«) (suitably defined) is less than 7l,,(«) where m is any fixed metric of
negative curvature on S; in particular, /() < nl,, (). Note that «f" is carried by this
T for t sufficiently close to 0. Also, if 7¢ is a fixed train track carrying Aj} and disjoint
from Aj,, the length /,,(a}") is bounded by a constant (depending on the m-length of
the edges of 7o) times |laf"||, . Since Ao is disjoint from Af:, ||af*||, = O(t) and it
follows that I,,(a}*) = O(t). This proves that, for every n > 0, ly/(a}*) < nO(t) for t
sufficiently close to 0, where the constant hidden in the symbol O( ) is independent of 7).
As a consequence, the right derivative of ¢ — [p(a}") at t = 0 is equal to 0.

Since Ipr(a:) = Ipr(af) + Uar(afT), this concludes the proof that the right derivative of
t — Ip(ay) at t =0 is equal to Iy (). O

Since every tangent vector of ML(S) is tangent to a piecewise linear path, and since
every piecewise linear path has a strong tangent vector everywhere, this proves:
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CoroLLARY 30. — The length function lpy : ML(S) — RY has a differential at each
point of ML(S) whose underlying geodesic lamination is realizable, and this differential
is linear on each face of the piecewise linear structure of ML(S). [

With a little more work the hypothesis that the path ¢ — «; has a strong tangent vector
at ¢ = 0 can be removed from Theorem 29. However, this stronger version does not seem
to be of sufficient interest to justify giving the proof here.

On the other hand, simple examples show that the conclusions of Theorem 29 and
Corollary 30 fail at measured geodesic laminations whose geodesic laminations are
non-realizable.

The results of Proposition 28 and Theorem 29 are particularly interesting if we realize
geodesic laminations by pleated surfaces. A pleated surface is a map f : S — M which
realizes some geodesic lamination A and which is totally geodesic on the complement
S — A; see [Thl], [CEG] for details. It turns out that the path metric m obtained by pulling
back the metric of M by such an f is hyperbolic. If we compare the definitions of the
functions /,,, and [j; in §6 and Proposition 28, then we immediately see:

LEMMA 31. — Let f : S — M be a pleated surface realizing the geodesic lamination A,
and let m be the metric obtained by pulling back the metric of M by f. Then, for every
transverse Holder distribution « for A, lp(a) = Ly (). a

As a corollary:

ProPOSITION 32. — Under the hypotheses of Theorem 29, let f : S — M be a pleated
surface realizing the geodesic lamination \g+, and let m be the metric obtained by pulling
back the metric of M by f. Then, the two functions t v lpr(a) and t — 1, (o) have the
same value and the same derivative at 0. O

In particular, up to first order, the length 5/(«;) depends only on the pull back metric
m, and not on the bending between the totally geodesic pieces of the pleated surface.
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