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ABSTRACT. — We solve the o2-Yamabe problem for a nonlocally conformally flat manifold of dimension
n>8.
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RESUME. — On résout le probleme de o2-Yamabe pour des variétés riemanniennes compactes sans bord
non localement conformément plates de dimension n > 8.
© 2006 Elsevier Masson SAS

1. Introduction

Let (M,go) be a compact, oriented Riemannian manifold with metric go and [go] the
conformal class of go. Let Ric, and R, be the Ricci tensor and scalar curvature of g respectively.
The Schouten tensor of the metric g is defined by

_ 1 : Ry
Sgn—2<R1C92(n—1) ~g>.

The Schouten tensor plays an important role in conformal geometry. Let o, be the kth
elementary symmetric function. For a symmetric n x n matrix A, set o;(A) = o (A), where
A= (A1, A2,...,A\y,) is the set of eigenvalues of A. The oy-scalar curvature of g is defined by

ou(g) ==o(g™" - Sy),

where g~1 - S, is locally defined by (¢~ - Sy)i = >, 9" (Sg)k;. see [38]. Note that o (g) =

ﬁRg. It is an interesting question to find a metric ¢ in a given conformal class [go] such that

ey or(g)=c

for some constant c. Since the Schouten tensors S, and S, of conformal metrics g = e~ 2% gq

and gg have the following relation

[Vul®

2

Sy =V?u+du® du— 9o+ Sg,,

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE
0012-9593/04/© 2006 Elsevier Masson SAS. All rights reserved.



570 Y. GE AND G. WANG

Eqg. (1) is equivalent to the following fully nonlinear equation

[Vul?

2

2) o (Vzu + du ® du — go + Sgo) = ce 2ku,

for some constant c. When k = 1, it is the well-known Yamabe equation.
Let

T ={A=(\, 2,0, A) ER™ | 05(A) >0, Vj <k}

be Garding’s cone. A metric g is said to be k-positive or simply g € T’} if 0;(g)(x) > 0 for any
j < k and at every point x € M. If g = e2"gy, we say u is k-admissible if ¢ is k-positive. In
this paper we consider the following

o-Yamabe problem. — Let gy € F:. Find a conformal metric g € [go] N Fﬁ such that

or(g)=c

for some constant c.

The study of the fully nonlinear equations (1) was initiated by Viaclovsky. Since then there is a
lot of work concerning these equations. Here, we just mention some results directly related to the
existence of the o-Yamabe problem. This problem has been solved in the following cases. When
k = n, under a sufficient condition, Viaclovsky proved the existence in [40]. When n = 2k =4,
which is an important case, Chang—Gursky—Yang solved the problem in [7]. See also [6,23].
When the underlying manifold is locally conformally flat, this problem was solved by Guan
and Wang [19] and Li and Li [29] independently. See also [4]. Note that when the underlying
manifold (M, go) is locally conformally flat and g € I’} with k > n/2, the universal cover of
M 1is conformally equivalent to a spherical space form [17]. When k > n/2, the o,-Yamabe
problem was solved by Gursky—Viaclovsky in [24]. See also their earlier work [22].

In this paper, we consider the case k = 2. In this case, Eq. (2) is a variational problem, which
was observed by Viaclovsky in [38]. This is crucial for our method presented here. Our main
result in this paper is

THEOREM 1.— Let (M™,go) be a compact, oriented Riemannian manifold with gy € F;
When n > 8 and the Weyl tensor W, # 0, then there is a conformal metric g € [go] N 1"2+ such
that

o2(g9)=c
for some constant c.

Combining the results of [19,29], the o3-Yamabe problem is solvable if n > 8. Like the
ordinary Yamabe problem, there is a well-known difficulty—the loss of compactness of Eq. (1).
Another more difficult problem is the fully nonlinearity of (1). Our result here is an analogue
of the result of Aubin [2] for the ordinary Yamabe problem. Even the ideas of proof are quite
similar. However the techniques to realize these ideas become more delicate due to the fully
nonlinearity.

Set Co = {g € [go] | g € T'5 } and define a Yamabe type constant by

inf F if
Ya (M, [g0]) = {Toi’fcz Flo). G40
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ON A FULLY NONLINEAR YAMABE PROBLEM 571

where Fy(g) = vol(g)_"v_T4 Ja; 02(g) dvol(g). This is a natural generalization of the Yamabe
constant that was considered in [20] in the fully nonlinear context.
We first prove the following proposition.

PROPOSITION 1.— Let (M™, go) be a compact, oriented Riemannian manifold of dimension
n > 4 with go € Ty . The aa-Yamabe problem is solvable, provided that

3) Y, (M, [g()]) <Y, (Sn) .

The idea to prove the proposition is a “blow-up” analysis, which is a typical tool in the field of
semilinear equations. The observation that the fully nonlinear equation (1) also admits a blow-up
analysis was made in [18]. Inspired by Yamabe’s approach (see e.g. [42,3]), we first prove the
existence of solutions to a “subcritical” equation (6) for any small € > 0. To prove the existence
of solutions of (6), we use a fully nonlinear flow (8). We show that this flow globally converges
to a solution wu. of the subcritical equation (6). In fact, u. is a minimizer for a corresponding
functional. This is one of the crucial points of this paper. Then we consider the sequence u.
as ¢ — 0. Using the blow-up analysis developed in [18] and the classification of “bubbles”
in [8] or [29], we can show that the sequence wu. subconverges to a solution of (2) under the
condition (3). The flow method to attack the existence of fully nonlinear equations was used by
many mathematicians, see for instance [9,41,37,10]. In the fully nonlinear conformal equations,
it was used in [19,20].

Then we show

PROPOSITION 2. — Let (M™, go) be a compact, oriented Riemannian manifold with g € F;.
When n > 8 and the Weyl tensor W, # 0,

Y, (M, [go]) < Y2(S™).

The proof of this proposition is a delicate gluing argument. We need to construct suitable
test metrics as in [2,32] for the ordinary Yamabe problem. A subtle point in the gluing is that
all metrics we constructed should lie in T'j . Recall that in the ordinary Yamabe problem, the
test metrics constructed by Aubin and Schoen have negative scalar curvature somewhere. To
overcome this difficulty, we adopt a method of Gromov—Lawson in their construction of metrics
of positive scalar curvature. A similar method was also used in [31] for metrics of positive
isotropic curvature and [15] for metrics of positive I';-curvatures on locally conformally flat
manifolds. See also [25,33]. We believe that by a similar, but more delicate construction one can
prove Proposition 2 for n = 8. For n = 5,6, 7, this problem becomes delicate. We will consider
these cases later.

By-products of our work for flow (8) are the Poincaré type inequality and Sobolev inequality

2

for the operator o2(V?u + du ® du — %
PROPOSITION 3.— Let (M, go) be a compact, oriented Riemannian manifold with go € T'S
and the dimension n > 4. Then there exists a positive constant A1 > 0 depending only on (M, go)

such that for any C? function u with e=*“gq € Ca([go]) we have

/02 (e_ngo)dvol(e_ngo) >\ /e4udvol(e_2“go).
M

go + Sy, )- (In Section 4, we provide another proof.)

Equivalently, for such a function u we have

| 2

/6(4771)“(72 <V2u +du® du — |v;
M

go + Sg(,> dvol(go) = M\ /6(4’")“ dvol(go).
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THEOREM 2. — Let (M, go) be a compact, oriented Riemannian manifold with gy € F;’ and
the dimension n > 4. Then there exists a positive constant C' > 0 depending only on (M, go)
such that for any C? function u with e=*“go € Ca([go]) we have

/02 (e*%go) dvol(e*%go) > Cvol(e*%go) LLL
M

Equivalently, for such a function u we have

n

‘ 2

/6(4_")"02 (VQu + du ® du — |V; go + Sgo> dvol(gg) > C( /e_"“ dvol(go)>
M

The Sobolev inequality and other geometric inequalities, the Moser-Trudinger inequality and
|Vul®
2

a conformal quermassintegral inequality for oy (V2u + du ® du —
conformally flat manifold were established in [20]. See also [17,13].
The method presented here works for a conformal quotient equation

go + Sy, ) for alocally

:C’

on a general manifold [12]. See other results for conformal quotient equations in [20,16,24].
The paper is organized as follows. In Section 2, we discuss various fully nonlinear flows and
we prove local estimates for these flows in Section 3. In Section 4, we establish the Poincaré
and Sobolev inequalities. We prove the global convergence of these fully nonlinear flows and
Proposition 1 in Section 5. In Section 6, we prove Proposition 2, and hence Theorem 1.

2. Various flows and ideas of proof
Consider the following functional

) -ﬂ@z/%@ﬂm@)

M

and its normalization Fj

n—2k

5) .ﬁ@:mwrvl/@@MmM)

M

When k = 2 or the underlying manifold is locally conformally flat, Viaclovsky proved that
critical points of F5 are solutions of (1). Therefore, in these cases, (1) is a variational problem.
The case when the underlying manifold is locally conformally flat was studied in [19,29], as
mentioned in the introduction. See also [4]. In this paper we only consider the case k£ = 2. Since
the case £ = 2 and n < 4 was solved in [6,22,24], we focus on the case £k = 2 and n > 4.

Recall that Co = {g € [go] | g € T'5 } and the Yamabe type constant is defined by

(0 ) — { o (0 Uo7
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Our main aim of this paper is to show that Y2 (M, [go]) is achieved for nonlocally conformally
flat manifolds when Ca([go]) # 0. In order to achieve our aim, we will first consider subcritical
equations

2
(6) a;/z <V2u +du® du — | > | go + ,5’90) = cels72u,
for € € (0,2] and the positive constant c. Its corresponding functional is
~ n—4
™ Facl) =Vele) % [ aa(g)dvolly),
M

where
Vatg) = [ ¥ dvol(g) = [ e dvol(go),
M M

for g = e~2"gy. It iis clear that V5 (g) = vol(g), the volume of g and Va(g) = [ e~ dvol(g).
Set

Y. (M7 [90]) = giélcf; ﬁQ,e(g)'

We will show that Y. (M, [go]) is achieved at ., which is clearly a solution of (6). To prove this
we consider the following fully nonlinear flow
du d
8) 2— =—g 1. —
(®) 7t 9 39

= (h(e 203 (9)) — h(r}/*(g)e==D")) — 5:(9)
‘2
go + Sgo)> - h(?";/z(g)e(sfz)u) —s:(9),

with initial value u(0) = 1, where r.(g) and s.(g) are given by for any ¢ € [0, 2]

(9):= fM e2et dvol(g) ’

se(g) = Ju e2au(h(€_2uaé/2(9)) - h(r;/Q(g)e(E_z)“)) dvol(g)
e Jar €= dvol(g)

and h: R — R is smooth concave function with 2/(t) > 1 for t € R satisfying

h<a§/2 <V2u+du®du ‘VQU

_J2logs ift<1,
h<s)_{s ift>2.
Flow (8) preserves V. and nonincreases Fo.
LEMMA 1. - Foranye € |0,2], the flow (8) preserves the functional V. and nonincreases F.
In fact, we have
n—4
2

®) %.7:2(9) == /(h(e—QuU;/Q(g)) - h<T;/2(9)€(E_2)u)) (02(9) - 7“5626“) dvol(g).

M

Moreover, r. is bounded.
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Proof. — We note that

%B(g): %/(9‘1 : %g) a2(g) dvol(g)

M

d n—2e 4 d 9

— Ve = p— eu 1 = ().

dtV(g) 5 /(g dtq)@ dvol(g) =0
M

See the proof in [19]. It is clear that V; is preserved along the flow. On the other hand, a direct
computation gives

and

d —4 d
(10) %fz(g) = nT <g1 . dtg> (02(g) — re€*™) dvol(g)
M
:_nT_ZL (h(672u0,;/2(g)) _h(r;/2(g)e(872)u))

M
x (02(g) — r-e***) dvol(g),

where in the second equality we have used the fact

/(O’Q (9) — r=€*") dvol(g) = 0.

M

Now it is easy to see that r. is bounded. O

In fact, flow (8) strictly decreases the functional F5 except at the solutions of Eq. (6). When
e =0 Eq. (6) is just (2). When ¢ = 2 Eq. (6) is a corresponding equation for a nonlinear
eigenvalue problem, which was considered in [21]. See also Section 4.

Since go € T'J, flow (8) is parabolic near ¢ = 0. By the standard implicit function theorem we
have the following short-time existence result.

PROPOSITION 4.— For any go € C®°(M) with go € I'J, there exists a positive constant
T* € (0, 00] such that flow (8) exists and is parabolic for t € [0,T*), and VT < T*,

g€C*([0,T)x M), Y0<a<l, and g(t)eT;.

We assume that 7 is the largest number, for which Proposition 4 holds. We first show the
global convergence of flow (8) when ¢ = 2. The global convergence implies a Poincaré type
inequality. Then, using this inequality and the divergence free of the first Newton transformation
of the Schouten tensor, which was an observation due to Viaclovsky, we obtain an optimal
Sobolev inequality. By establishing a flow version of local gradient estimates, which was proved
in [18], we show that flow (8) globally converges to a solution u. of (6) for any ¢ € (0, 2]. With
the help of the local estimate obtained in [18] and a classification in [29] or [8], we show that u.
subconverges to a solution wug of (2), provided that

(11) Y2 (M, [go]) < Y2(S™).
In this case, it is clear that ug is the minimum of .7?2.
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3. Local estimates

In this section, we will establish a local estimate for solutions of (8), which is a parabolic
version of a local estimate for solutions of (2) obtained in [18].

THEOREM 3.— Let u be a solution of (8) with € € [0,2] in a geodesic ball B, x [0,T) for
T <T* and r < 1o, the injectivity radius of M. There is a constant C > 0 depending only on
(B, g0) such that for any (x,t) € B, /5 x [0,T]

(12) |Vu|2 + |V2u| < 0(1 + e~ 2=e)inf( nyen, x(o,7) u(l’-,t)).

Proof. — The proof follows [18] closely. We only point out the different places. Without loss
of generality, we assume r = 1. Let p € C5°(By) be a test function defined as in [18] such that

(13) p=0, in By,
p=1, in 31/27

|Vp(z)| < 2bop*/?(x), in By,

|V2p|<b0, in By.

Here by > 1 is a constant. Set H(z,t) = p|Vu|?. Let (x0,ty) be the maximum of H in
M x [0,T]. Without loss of generality, we assume ¢y > 0. We have at (o, to) that

(14) 0<Hy=2p) wu,
l
(15) 0=H; = p;|Vul> +2p > wuy,
l
(16) 0> (Hj)).

Let W = (wg;) be an n x n matrix with w;; = V3,u + u;u; — %(Qo)ij + (Sg,)ij. Here

u; and u,; are the first and second derivatives of u with respect to the background metric gg. By
choosing suitable normal coordinates, we may assume that W is diagonal at (z(, %), and hence
we have at (zg, to),

1
(17) w“:u“Jruf - §|VU|2+(SQO>“',
uij = —uitty — (Sgo)ij,  ViFJ.

In view of (13), (15) and (17), we have at (z¢, to)

(18) < bop~ V2| Vul?

n
g Ujpug
=1

We may assume that
H(xo,t0) > Agbg,

ie., p~1/?

< 405: | Vul, and
|VS90‘ + ‘Sgo| < A51|VU\2,
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where Ag > 1 is a large, but fixed number to be chosen later, otherwise we are done. Thus, from
(18) we have

S [Vul®
1 3 g ) .
(19) ;uzluz A (wo,t0)
Set F' = h(os/*(W)) and
awij

Note that flow (8) is equivalent to 2u; = F — h(r;/2e(5_2)“) — s. and F'¥ is diagonal at (g, tg).
Since matrix (F'*/) is positive definite, from (14) and (16) we have

(20) 0> Z FYH;; —2H,
2%
= ZF”{ (-2pippj + pij> |Vu\2 + 2pZulijul + 2p2uiluﬂ}
. l l

— 4p2ulult.
l

We need to estimate the term ZL i Fi UgUp — QZlulult. Since changing the order of
derivatives only causes a low order term, we have

1) > P — 2wy

04,0 1

> ZF”uijlul — QZulult — CZF”|VU|2
i

i,7,1 l
y y 1
> S g = P (= 9 ) w23
25, i

- CZF“\VUF - ZF”VI(S_%)MUZ
i il
> (F = 2ug)u; — cAg ™ty F|Vul*
l i
> (E _ Q)hl(T;/2€(6_2)u)T;/QB(E_Q)U"V’U,|2 _ CAO—l ZF“|VUI4’
i

where we have used (8) and (19). Here c is a constant independent of u, but it may vary from line
to line. The term 2 FY (=252 + pij)[Vu|? is bounded from below by —10b3|Vu[? 37, F77.
For the term F"/u;uj; we have the following crucial lemma.

LEMMA 2 [18].— There is a constant Ay sufficient large (depending only on n, and
llgollcs(By)), such that,

(22) S Fluguy > AP Vut D F

1,4, izl
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Altogether gives us

@3) (A —eATY) pVult T P <1003 Vul? Y F 4+ ep(1+ D) [Vl

By the Newton-McLaurin inequality and the fact that &/(¢) > 1 for any ¢ > 0, it is easy to check

that
S
which, together with (23), proves the local gradient estimate
|Vu|2 < C’(l + e(2—8)inf(e yen, x[0.1) u(m,t))7
for some constant C' > 0 depending only on (B;., go).

Now we show the local estimates for second order derivatives. Since e~ 2% go € I‘;r, to bound
|V2u| we only need bound Awu from above. This is a well-known fact, see for instance [18]. Set
G =p(Au+ |[Vul?),
where p is defined as above. Let (yo, ) be a maximum point of G in M x [0,7T]. Without loss

of generality, we assume G(yo,t0) > 1+ 2max H (z,t), to > 0 and (u;;) is diagonal at (yo, o).
Recall that H = p|Vu|?. Hence we have

0 < pAu(yo,to) < G(yo,to) < 2pAu(yo, to).

At (yo,to), we have

(24) 0<Gr=p> (ue + 2urup),
]
(25) 0=G;= &G+PZ(UW + 2uyuy;),  for any j,
I>1
ij = 2pip;
(26) 0> (Gij = pp]/}#G + PZ(Ullij + 2ugugy + 2Ululij)>~

1>1

Recall that F'¥ = %F is nonnegative definite. Hence, we have
ij

0> Z FijGij_QGt

i1
P — 200 g
>y F”MGJrP > FY(ugjy + 2ugiwg + 2uu;)
i1 P i 1>1

—2p > (e + 2wpugg) = Cp > (|wial + wil) Y| F7),
] ; r

where the last term comes from the commutators related to the curvature tensor of go and its
derivatives. From the definition of p, we have

Z Frid PPis ;2201:01' G>-C Z |F’L]|%G

ij>1 =1
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By the concavity of O’%/ %, we have

g g g 1
QN > Flugu= Y Flwg— Y FY (Uiuj§vu2(go)ij+(sgo)ij)

i,,1>1 i,g,1>1 0,121 n

y 1
> Fy— Yy FY (uz‘uj = 5IVul*(g0)i; + (Sgo)ij)
l

0,11 u

We also have

28) > Fwu; =Y Flu(wy) -y Fu (Uiuj = 5IVul*(g0)i; + (Sgo)ij)

i, i, i, !
+ E FYu(ugj — uijr)
05,1

= Zl:quz = Fu (Uiuj = 5IVul*(g0); + (S!Jo)ij)

+ Z Fijul(uh-j — uijl).

l

1,5,
Hence, we have
(29) Z Fij (uijll + 2uh-ulj + 2uluh—j)
1,5,{>1
> Z(Fzz +2Fu) — QZFijuiujll + Z Flupugy
l 1,3,1 Jksl
ij 1 2
- 2;F Juy <uz‘uj = 5IVul*(90)i; + (Sgo)ij)l
2,75
ii 2 G ij
+Y F(u)? - C 1+; > IFA.
ikl ,J

From (24) and Eq. (8), we have

(30) P> (Fu+2Fmu) >2p > (um + 2uuy) — C(2 - )G (1 472,
l l

The term 22 F uzuj” + Zj kol FiIyguy can be controlled as in [18] with the help
of (25). And the other terms in (29) can easily be estimated. On the other hand, it follows from

the positivity of (F'*/) that
S|P < e F
i i

This completes the proof of the theorem. 0O
From the local estimates, we have

COROLLARY 1.— If “bubble” occurs, i.e., infpry (o, 7+)u = —00, then there is a positive
constant cy > 0 such that

lim lim Ve(g, Bs) > co.
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4. A Poincaré inequality and a Sobolev inequality

The Sobolev inequality is a very important analytic tool in many problems arising from analy-
sis and geometry. It plays a crucial role in the resolution of the Yamabe problem, which was
solved completely by Yamabe [42], Trudinger [36], Aubin [2] and Schoen [32]. See various opti-
mal Sobolev inequalities in [26]. In this section we are interested in a similar type inequality for

the class of fully nonlinear conformal operators o (V?u + du ® du — @ go + Sg,)- In [20],

the Sobolev inequality was generalized to the operator o (V2u + du @ du — W; ” go + Sy, ) for

k < n/2, if the underlying manifold is locally conformally flat. Namely,

THEOREM 4 [18]. — Let (M™, go) be a compact, oriented Riemannian manifold with go € I‘ZT
and k < n/2. Assume that (M,go) is locally conformally flat, then there exists a positive
constant C > 0 depending only on n, k and (M, go) such that for any C? function u with
e~ 2%gg € Cr([go]) we have

3D /O’k (e_zugo) dvol(e_ngo) > Cvol(e_2“go) =
M

Equivalently, for such a function u we have

2
(32) /e(%_")“ak <V2u + du ® du — ‘VQU‘ go + Sgo) dvol(go)
M
n—2k
> C( /e_"’“dvol(go)>
M

When k = 1, inequality (33) is just the Sobolev inequality. The proof of Theorem 4 uses
a Yamabe type flow. See also the work of [13].
In this section, we establish the Sobolev inequality for k£ = 2 without the flatness condition.

THEOREM 5. — Let (M, go) be a compact, oriented Riemannian manifold with gy € T'§ and
the dimension n > 4. Then there exists a positive constant C > 0 depending only on (M, go)
such that for any C? function u with e=*“gq € Co([go]) we have

(33) /02 (672"90) dvol(eﬁ“go) > Cvol(eﬂ“go) an'Al.
M

Equivalently, for such a function u we have

(4—n)u 2 ‘vu|2
(34) e o2| Vu+du®du — 5 % + Sg, | dvol(go)
> C’( /e_"“ dvol(go)> ! .
M

First we prove a Poincaré type inequality, which will be used in the proof of our Sobolev
inequality. The usual Poincaré type inequality is associated to the first eigenvalue problem. In
our case, there is a nonlinear eigenvalue problem, which was studied in [21].
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PROPOSITION 5. — Let (M, go) be a compact manifold with g € F;:. Then there is a function
u with e 2% gy € I‘Z‘ satisfying

[Vu?

35) Jk<V2u+du®du—vTugo+Sgo> =X >0.

Moreover the constant \1 is unique and the solution is unique up to a constant.

An elliptic method was used in the proof, which was motivated by a method introduced in [30].
See also [41] for a Hessian operator. In view of Proposition 5, one may guess that

2
(36) /€2ku0k (VQU +du®du— @go + Sgo> dvol(e"go)

2/\1/e2kudv01(e_2"g0),

for any u with e 2%, € F;. It is easy to see that when k£ = 1 inequality (36) holds. In fact it is

the Poincaré inequality. In this section, we show that (36) holds for k£ = 2 by flow (8) with ¢ = 2.

PROPOSITION 6.— Let (M, go) be a compact, oriented Riemannian manifold with go € F;r
and the dimension n. > 4. Then for any C? function u with e=?“go € Ca([go]) we have

(37 /02 (eingO) dvol((f?“go) > )\1/64“dvol(672“g0).
M

Equivalently, for such a function u we have

| 2

(38) / e—mug, <V2u +du®du— |V2“
M

go + Sgo) dvol(go)

2)\1/6(47”)udv01(go).

Proof. — To prove the proposition, we consider flow (8) with € = 2. We want to show that the
flow converges globally to a solution obtained in Proposition 5. By Theorem 3, we have

(39) |V2ul| + [Vul*(z,t) < C,

where C is a constant independent of (z,t) € M x [0,7*). Since the flow preserves the
functional V, in view of (39) we have that |u| < C, for some constant C' > 0. Now following
the method in [19] we can show that

a2(g) > co,

for some constant ¢y independent of ¢. See the proof in the next section. Hence, this flow exists
globally and is uniformly elliptic. By the result of Krylov, g(t) € C*t®:2+  Since the flow
satisfies (9), one can show that for any sequence of {t;} with ¢; — oo there is a subsequence,
still denoted by {¢;}, such that g(¢;) converges strongly to ¢g*, which satisfies (35). On the other
hand, V2(g*) = Va(g(t)). By the uniqueness in Proposition 5, one can show that the flow globally
converges to g*. Since the flow preserves V» and decreases F3, we have

Fa(9) = F2(g%),
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for any g € Cs. This is the Poincaré inequality that we want to prove. O

Proof of Theorem 5. — Let g = e 2% g,. We have
209 = ZT“SU,
0,J

where T'(g)" = 01(g)g"7 — S(g)¥ is the so-called first Newton transformation. We will use the
following formulas

1
(40) S(9)ij = wij +uju; — §|VUI§0(go)ij +5(g0)ij
and
@1 VZu=ug; + 2uiu; — [Vul? (90),

where V are the derivatives w.r.t. g. Thus,

42) 205(9) =Y T(9)"Viu— ZT(g)”uiuj

+ 1 (9) |Vl + Y T(9)S(g0)ss

0,J

Here we have used tr 7'(g) = (n — 1)o7 (g). Note that

(43) > T(9)75(g90)i; >0

thanks to Garding’s inequality

ZT )9S (go)is > 26% 0y (9)03' (g0).

Due to an observation of Viaclovsky, 3, V;T(g)” = 0, we have
y n—1 -
(44) 2/02(9) = _/ZT(Q)”WW dvol(g) + 5 /Ul(g)|Vu|§dv01(g)
2%

+/ZT(g)ijS’(go)1‘j dvol(g).

,J
Recall that T'(g) = 01(g)g — S(g). We have
(45) f/ZT(g)ijuiuj dvol(g)
(2%

:7/ 1(9)|Vul? dvol(g) /ZS ) uzu; dvol(g)
:7/ 1(9)|Vul? dvol(g) /vauzujdvol( )
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—7/|Vu|4dvol /ZS 90)"usu; dvol(g)

and
(46) / > Viuuiu; dvol(g)

%]

1 Si (1S 1 [ = N
:§/sz(|vu|3)“id"01(g):—5/\VU\3tr(V2u) dvol(g)
1 ~ n—2 [ ~ 1 _

:*5/ 1(9)|VU|§+T/IVUV,}+/501(90)|Vu|362“dv01(g).

Hence

47 - / 3 7(9) i dvol(g)

3 \V, y 1 ~
= _5/01(9)|Vu|_3 + n +/%:S(go)zjuiuj + 5/01(90)|Vu|562“,
where all integrals are w.r.t. g. (44) and (47) give us

(48) 2 / 02(g) dvol(g)

4 _ 4 [~
nT al(g)|Vu|3dvolg+n—/\Vurgldvol(g)

/ZTJS g0)ij dvol(g) /ZS 90) " u; iujdvol(g)

1 -
+5/01(90)|Vu|362“dvol(g).

Finally, we obtain

(49) 2 / o2(g) dvol(g)

4
nT o1(9)|Vul?, 2“dvolg—l——/|Vu|4 et dvol(g)

/ZTJS 90)ij dvol(g) /ZS 90) ”uu jdvol(g)

1
+5/Ul(go)|Vu|§Oe4“dvol(g).

Recall (43) and positivity of o1 (g) and o1 (go). Using the estimates

2 2
(50) ZS 90) uiu] fc|Vu|2 du > 7%64“
i,j
we deduce
(51) 2/ 2(g) dvol(g) 7/|Vu|4 et dvol(g) — c/e4udvol(g).
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In view of the Poincaré inequality (37), the Sobolev inequality (33) follows from (51). O

We remark that a similar method was used to obtain Sobolev inequalities on locally
conformally flat manifolds by Gonzélez in [13]. The argument given in the next section will
provide another proof of Theorem 5.

5. Global convergence of flow (8) when € > 0

PROPOSITION 7.— For any ¢ € (0,2], flow (8) converges globally to u., which satisfies (6).
Proof. —For any t € [0,T%), set

m(t) =

=  min  u(x,s).

(z,s)€M x[0,t]
If inf;c[o,7+) m(t) > —oo, then by estimates given in Section 3, we have a uniform bound of
|Vu|? 4 |V2ul. Since flow (8) preserves the functional V., we have a uniform C? bound. Now
we claim that there is a constant ¢ > 0 such that

(52) F(x,t) >¢>0, forany (z,t)e M x[0,T%).

Recall that F' = 0;/2 (V2u+du® du— %gg + 5S4, ). We will prove the claim at the end of
the proof. (52) implies that flow (8) is uniformly elliptic in M X [0,7*). Hence, by Krylov’s
result, v has a uniform bound for higher order derivatives, which implies first that T* = oo, the
global existence. The global convergence of (8) with € € (0, 2] follows now closely the argument
presented in [19], which, in turn, follows closely the argument given in [35] and [1]. Therefore,

to prove the proposition, we only need to exclude that

53 inf t) = —o0.
o9 el O =7
We assume by contradiction that inf,cjo 7+ m(t) = —oo. Let T; be a sequence tending to

T* with m(T;) — —oo as ¢ — oo. Let (z;,t;) € M x [0,T;] with u(x;,t;) = m(T;). Fixing
6€(2,1), we consider r; = £|m(T;)[e1=99)m(T1)_ Clearly, we have r; — 0. It follows from
Theorem 3 that for sufficiently large ¢

u(z, t;) <m(T;) + |Vulr;
<m(Ty) + Celz =T % |m(T;) |e(1*5€)m(Ti)
= m(T;) + O |m(T;)[e<0/2=0m ()
<(1—r)m(Ty), Vzxe B(a;,r;),
for some € (0, (6 — 2)e). Note that § — 2 > 0, for n > 5. Therefore, we obtain

eQeu dvol(g) > 6(257n)m(Ti)(lfm) dVOl(go) > 06(267n)m(’1)-)(17n)7,ln

B(xi,ri) B(x;,r4)

oY

Hence, this fact contradicts the boundedness of V..
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Now it remains to prove claim (52). For any 0 < T' < T™, set
Ty :=inf{T" € [0,T] | V(z,t) € M x [T',T], r/?(g(t))ec=Du=1 <1 /2]

It is clear that V¢ € [0,71] we have r.(g(¢)) > C for positive constant C' > 0 independent of 7.
Let us consider a function H : M x [0, T3] defined by

| 2

1
H:= 3 <h <0;/2 (Vzu +du® du — |V2u go + Sgo> - h(r;/Q(g)e(EQ)“)) —e "

u

1 _
= u,ﬂriss(g)fe .

We first compute the evolution equation for o5. A direct computation, see for instance Lemma 2
in [19], gives

d d, _ 4 d
£02:2029%(g 1)+tr{T1(Sg)g 1dt59}

=405(g)us + tr{Tl(Sg)g‘lﬁg(ut)},

where V is the derivatives with respect to the evolved metric g. Without loss of generality, we
assume that the minimum of H is achieved at (zo,%9) € M x (0,73]. We will show that there is
a constant ¢y > 0 independent of T such that

(54) O'Q(g)(Ig,tO) > Cg.

Since |u| has a uniform bound, without loss of generality we may assume that at (xg, to)
672“05/2@) <1/2.
Recall that h(t) = 2logt for ¢t < 1. Hence, in a small neighborhood of (zg, o)
—2u 1 —2)u —u
Hzlog(e 2 U;/z(g)) _ Eh(r;”(g)e(f 2) ) — e v,

Let us use O(1) to denote terms with a uniform bound. We have near (g, to)

d 1 ~
55 —H=——tr{Ty(S,)g V2
69 H= (TS Vi)
1 oy Are(9) _ 9w
_Zh,('r;/2(g)6(€ 2) ) (EﬁE )Te 1/2(g)6(s 2)
- 9 _ :
+le v+ . Eh/(r;/2(g)e(5—2)u)r;/2<g)e(a—2)u uy

EYSRY -1v2 1 _ 152 ,—u
> 5onty TS IVEUN} + ot {Ti(S,)g 7 V(7))
9

9_ -
+ e v+ 5 h/(T;/Q(g)e(e—%u)r;/Q(g)e(s—Q)u ur,
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where we have used dr;gg) < 0.See Lemma 1. Let F = log 02 (V?u + du ® du — ‘v“‘ g0+ Sg)
and FJ = -2 F. Since (z0,%o) is the minimum of H in M x [0, T1], at this pomt, we have

dH
BT Oa
dt
1 2
0=Hl:§ZF”w”l+< + IS (r 2 (g)e ) /2 (g el 2>"> 0 W
ij
and
(H;;) 1is nonnegative definite.
Note that

(ﬁz)in:Hij +uiHj +UjHi _Z“lHl‘Sw Hzg;
l
at (zo,to), where H; and H;; are the first and second derivatives with respect to the back-
ground metric go. We write k(z,t) := (e™% + 2—55h’(ri/z(g)e(s_Q)")rsl/z(g)e<€_2)”). We can
check that V(z,t) € M x [0,T7] we have C; > k(z,t) > C. Here the positive constants C; and
C5 are independent of 7.
From the positivity of (F%/) and (54), we have

1 .
(56) 0>Ht—§§ FYH,;
2
> b 1
20’2(

) ZFij{(e_u)ij + Ui (e_u)j +u; (e_u)i — W (e_u)zéij} + k(x, t)uy
%,

tr{T1 V2 (™)} + k(z, thu

1 —u iJ
=3¢ ZF]{_“U —wu; + [Vul?6;} + k(z,t)u

(]

1w 1
—5° ZF?J {—’wij +S(g0)ij + §|VU|25¢J} + k(z,t)us
LNt g
3¢ ZF]{ wij +S(g0)ij } + k(z, t)uy
4,7
1 -
= §e_u ZF”S(QO)U‘ +O(1)logos(g) + O(1)
i,
1
— k() (h(r22()e! ") + 52(g)).
Here we have used 3, ; F Twij = i azl(g) agqigf) = 2. Since go € 'y, by Gérding’s

inequality [11],

1/2
©D ZFUS(QO)” - Z . 802(9)5(90)1‘1‘ > 26%027(570).

" —~ oa(g) wi o2"*(g)
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On the other hand, one can check h(r§/2(g)e(5*2)“) + s-(g) is bounded from above, for ||u|cz
is uniformly bounded. Now from (56) and (57), we have

1/2

0>qung(go) +O0(1)logoa(g) + O(1)
a5 (9)
> UCTl + c2logoa(g) — cs,
a5 (9)

for positive constants c1, co and cs independent of 7. Clearly, this inequality implies that there
is a constant ¢y > 0 independent of 7" such that (54) holds. Namely

O'Q(g) 2 €o,
at point (z,to). Hence, we have for any point (x,t) € M x [0,T}]

—aulT 1 —2)u(x —u(x
log (e 24V 53/ (g) (x,t)) — 5h(r;ﬂ(g)e(e Du(@h) _ e=u(@)
= H(x,t)
> H(xo,10)

—zulxT 1 E— ulxr —ulx
= log (e 0, % (g) (20, t9)) — Sh(r}/(g)els=2uoto)) — gmulroto)
> log C —ec,

provided 6_2“('7”7”0;/2(9)(37,25) < 1. It follows that o3(g)(z,t) > C2 > 0 for some positive
constant independent of 7T'.

On M x [I1,T], we consider a function H : M x [T1,T] defined by H =
log(e_‘f“o;/z(g)) — e~ “. By the same argument, there is a constant ¢ > 0 independent of T’
such that F(z,t) > ¢ > 0 for any (x,t) € M x [T1,T]. Hence, we deduce the claim (52). This
finishes the proof of the proposition. O

We remark that the Sobolev inequality, Theorem 2, implies that r. has a positive lower bound.
In the proof of claim (52), we avoided to use the Sobolev inequality.

Proof of Proposition 1. — By local estimates established in [18] (in fact similar local estimates
as in Theorem 3 hold), we can use the argument given in the proof of Proposition 7 to show that
the set of solutions of (6) with the bounded F» and V.(e~2“gg) = 1 is compact for ¢ € (0,2].
Hence, Proposition 7 implies that Y is achieved by a function u., which clearly is a solution
of (6). We may assume that u. satisfies V. (e~ 2%cgy) = 1 and

2
(58) o3 <V2u+du®du [Vl

9 go + Sgo) = 062(672)%

where ¢ = Y. For any fixed metric g, the function .7':2,5(9) is continuous on ¢ so that Y; is semi-
continuous from above on €. On the other hand, it follows from the Holder’s inequality, Y7 is
semi-continuous from below on . Hence, Y; is continuous and we have

lim Y2 = Y3 (M, [g0]) < Ya(S").

If inf u, has a uniform lower bound, then the estimates established in [18] imply that ||u.| c2
is uniformly bounded. By the result of Evans—Krylov, ||uc|/c2. is uniformly bounded for any
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a € (0,1). Hence u,., by taking a subsequence, converges strongly in C% to ug, which is a
solution of (1). Moreover, g is a minimizer. Now suppose lim,_,,infu. = —oco. Let (z.) € M
such that u. (x.) = minge s u- (). We consider a new function

Ve (y) = u(eXan 5ey) — U (z:)

and defined on B;-1 with a pull-back metric g. := (exp,_0.-)*go, where §, = e(1=5)us(we),
Since ue(x:) — —00, 6. — 0 as € — 0. And one can check that B;-1 tends to R" and g. to

the standard Euclidean metric in any compact set in R™ for any C'* norm. We can check that
v, satisfies the same Eq. (58) on B;-1 with Sy replaced by S,_. By the local estimates in [18],

(ve) is uniformly bounded in C? on any fixed compact set. From the result of Evans—Krylov, it
follows that (v.) is uniformly bounded in C*“ on any fixed compact set. Hence, v. converges
in any compact domain of R™ to an entire solution u of the following equation on R™

1
(59) o9 <V2u+du®du— 5|vu|29Rn) = coe M,

with ¢ = Y2(M, [go]). It is easy to check that [, ™" dvol(gr~) < 1. In fact, we have

/ eZe=mv= dvol(g.)

36,1

€

— 56—ne(n—2€)u5(x5) e(28—n)u5 dVOl(go)

B(ze,1)

= (/2= Deuc(@e) / U dvol(go) < Vz(e "< go) = 1.
B(z,1)

Letting ¢ — 0, the claim yields. By the classification of (59) given in [29] or [8], we have
co = Ya(S™) > Ya(M, [go]), which contradicts ¢g = Ya(M, [go]). O

6. Existence

In this section, we will construct a conformal metric § such that F»(§) < Y2(S™) and § € T’} .
Our construction is inspired from Aubin’s work [2]. See also [32]. The basic idea is to construct
a suitable test function. But the more delicate point in our case, as already mentioned in the
Introduction, is to keep the conformal metric in the admissible class F;r as in [20]. Fix a point
P € M. Assume n > 5. It follows from the work by Lee—Parker that there exists a conformal
metric g; on M such that in a normal coordinate system for g; at P

(60) R=0(r?),
61) AR = —%|W(P)|2,
(62) Ric(P) =0,

(63) Vdetgr =1+ 0(r%),

where r = |z|. We denote

(64) gp =v"2g1,
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where

[ X+r2, ifze B(0,r),
v(x)—{)\_’_r%’ else.

We first need some estimates.

LEMMA 3. — Assume

L (Viv 1|V, v
A=g 1( f}l —§| j,12| 91+Sg1),

where

1 . R
Sg, = n_9 (Rlcm —m91>~

Then we have

2n\ O(r?) R
tr(A) =
(65) r(4) (A+12)2 + A+7r2 0 2(n—1)
and
4n)\? 2R\ Ric(V g4, v,V v)

t A2 — _ 917 Vg1 .

(66) r( ) A+ r2)i + (n—1)(A+r2)2 (A+1r2)2 +O(r)
Proof. — By definition, we have
Viov 1|V, 0]?

(67) o2(gv) =v'02 (91_1( Zl —§| 212 | 91+Sg1>)-

It is clear that

Ajv n|VgovP?

-1
tr(A) = f;l 55 +tr(91 Sgl)
_ Aglv _E|vglv|2 R
v 2 2 2(n—1)’
where
1 0
— det ___
o /det gy ; ox? ( POy J)
Recall
(68) |V g, 0] = 4r2.
In view of (63), we have
(69) Agv=2n+0(r?).
Therefore,
2m+0(r’) n  4r? R
tr(A) 2 )_2 2)2 —
A+r 2(A+7r2)2  2(n-1)
2n\ O(r®) R
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It is also easy to check that

v2 2 V 4
=Vt ¥ e((075,,)7)

V. ul2A -1v2 ygi—18 AL
_| 91”‘3 glv+2tr(91 g1 V91 91> _| 9.0 tr(g1_lsgl).

tr (A2)

v v v2

A simple calculation gives us

n|Vg, vt B dnrt
(70) 4t (A2t
_ 2
(71) tr((g17"'S5)7) =0(r?),
|V91v|2Aglv 8nr?
72 — - _
‘V!hle —1 _ 2T2R
(73) 5 tr(91 Sgl)— CESEEES s
(74) g1 'V2 v=2I+0(r?),
(75) tr(glflvglvglflsgl) = 2tr(glflsgl) + O(T3) = % + O(r3),
—1v2 —1
91 Vgvg Se\ 2R
(76) 2tr( - = (n—l)(/\—|—r2)+0(r)'
To handle |Vi 12U| , we recall the Bochner’s formula
1
an (V(A0), Vo) = =V 0" + SA(Vg,0?) = Rie(V4,0,V,0).
Hence, we have
1
(78) V2, 0]” = ~(V(Av), Vo) + 5A(1V4, %) = Ric(Vg,v, Vg 0)

1
=—(V(2n+0(r®)),Vv) + 5A(4r2) —Ric(Vg,v,Vg0)
=4n — Ric(V4,0,V4,0) + O(r°).
From (70), (76) and (78), we have
4n " 4nrt B 8nr? " 2R
A+7r2)2 - A+r)t (A+r2)3  (n—=1(A+71?)
B 2Rr? ~ Rice(Vy,0,Vg,v)
(n—1)(A+12)2 (A+1r2)2
4n\? 2RA _ Ric(Vg,v,Vg,v)
A+7r2)t  (n—=1)(A+1r2)? (A+1r2)?

LEMMA 4. - Assume (3 € (3, ). We have 01(g,) > 0 and o2(g,,) > 0 in B(0, \?). Moreover,
ifn =9, we have

tr(AZ) =

+O(r)

+

+O(r). 0

(79) / o2(g0) dvol(gy) = A" 2T2{2n(n — 1) B + CAR(0)\?

B(0,A\8)
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+ O()\5/2 4 \n(1/2=6) 4 )\2+(n*8)(1/2*ﬁ))}
and

(80) / dvol(g,) = A3 [B+ O(N/? + xr1/2-9)],
B(0,\%)

where the constants B, C are given by

1
81 B=| ——d
e / @+ P
|=[? 20zt
82 C= dx > 0.
(82) /(2n1+|x| 2 a2t 2Pz )
Proof. — It follows directly from (65) and (66)

o 2nA R 3
o1(gn) =v ((/\4—7"2)2 oo TOU ))’
_v_4 4n(n —1)A\? 2AR Ric(Vg,v,Vg,v)
(83) 2(gv) = 3 [ Ot e T (R

Thus, the first part of the lemma is clear. On the other hand, we obtain

+0(r)].

(84) / o2(gv) dvol(gy)
B(0,\8)

1 2
= 42 — 1)\ A+ 72
[ G e v ey
B(0,A\8)

+ L Rie(V,0. V) (34 7)1 O(r(A +r2)4)}(1 L O()) da.
‘We can calculate

Ric(Vg,v,Vgv)=4 Z Rij(z)x's

1 .
=4 Z <R2] (0) + Z R”k(O).Tk + Z §Rij’k‘l(0)$k$l> ztz? —+ O(TS)
¥ k k,l

=2 Z Rijm(0)zFalz’a? + O(r®).

i,5,k,1
It is known that (see [2])

o 9
f 27 d) = ——=A
r4wn1/ZRJM whalate n(n+2) R(0)
ol
S(ry

and

1 o
= 5 Z RJj(O)ZL‘Z:CJ + O(’I‘B),
3
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where S(r) is the geodesic sphere of radius equal to r, dfQ is the volume element on the unit
sphere S*~! C R™ and w,,_1 is the volume of the unit sphere S™~!. Therefore,

[ exladvlia)
B(0,\0)
_ / 2n(n — 1)A\? Ar2AR(0)

d
A +r2)n oAt 22

B(0,\8)

2rtAR(0) o(r)
+ / (n(n+2)()\+r2)"2+()\+r2)”4)dx

B(0,A5)
_y—242 2n(n —1) 2 —2441/2
=\"2 o0 + a(z)N*AR(0) | dz 4+ O(X™ 2 )
B(0,A8-1/2)
where
|z[? 2Jz|*

T P e TS (N P Tk

Thus, (79) yields. Similarly, we can estimate

/ dvol(g,) = / v~ "/det g1 dx
)

B(0,)\9) B(0,A8

B 1+0(r®) .
N / ()\+r2)”d

. d .
-t T +O( )
B(0,\8-1/2)

=A% [B+ON/2 4 An(1/2=0))].
Therefore, we finish the proof. O

LEMMA 5.— Let g1 as above and ~y € (0,2) be given. Assume n > 9. For sufficiently small
8 > 0 such that \Y* > §>AV/2, there exist a constant 1 > 6, > 6 and a function u: Bs, = R
satisfying:

n—4

0 6,7 =(2-1DA 0% (1 +o(1));

(1) the metric § = e~2"gy has positive T's-curvatures;

(2) w=1log(A+ [z[?) + by for |z| < 6

(3) u=~log|z| for|z| > d1;

n+4—n

(4) vol(Bj5,\Bs,§) < C(6307 /A)n2=/ (=),

(5) [\, 72(9) dvol(g) < O+ A=5+2,
where by satisfies (94) below.

Proof. — We want to find a function u with «/(r) = @ The Schouten tensor of §j = e~ 2%g;
is
|Vul?
2

(85 S(9)i =V§ju+viuvju— (gl)ij +S(91)ij
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2a a? o o —2a)\ zz, 9\ O
=ﬁ5ij—ﬁ(91)m+<7+ 3 )r2 +S(g1)ij + O(r )r_Q’
so that
i 2a—a? o a? =2\ vy ; g\
w0 S@i=2g e (ST ) R sl 100

since it follows from the Gauss Lemma that Y. (g1)”z; = x;. We look for a function a(r) €
(,2) for all r € (4, 01). Hence one can find a fixed constant A > 0 independent of A such that

o 2a—a?— Arta o =20\ vz
(87) S(g)j>T5ij+ <7+ >—

and

(88) S@§)k < —

) 20 — 2 A2 / 2_2 o
c2a—at raéij"‘(i"'arg Oé)a:zx].

Consequently, we obtain

—1) (20— a2 — Ar?a\? ra’ — Ar?a
e 2 4u (TL _ 4 4
o2(9) > e 2 ( 272 ) m A T Ara

and

§) > e 20 — % — Aria 949 ra/ — Arla
o(g) ze| ———— ) n— e
1 272 2a —a? — Ar2a

We want to find an « satisfying

2, if |z <6,
a = 4 solution of (89), if |z| € (4,61),
v, if || > d;.

Such a function can be found as follows. First we solve the following equation

n—4+ ra/ — Arla B
4 20— a2 — Ar2ac

(89) 0.

Recall this is the Bernoulli differential equation. One can find a general solution of (89) as follows

T
1 n—4 _nar? 4—n 1 pae?
— =72z e B — -e 8 dt+c|.

«a 4 %5=

Set

A ]. n t2
H(T):*—n/n—_tse % dt
t

‘We have
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2
o=
1+ 2a1rnT_4e_ ngr + 2H(T)rnT_4e_%
_ 2
1+ 2475 + 2G(r) ’
where
G= alrn;4 (ei = 1) + H(?")r";4 P
Here the constant a; is determined by
262
6 —
a(d) =+ 5
We have the estimate
A
(90) cu—ig%1+dD%
since we use the fact \1/4 > §. Define §; by a(d1) = . We have
n—4 2 _1en
1) 6,2 =(=—-1)x"162(1+0(1))
Y

so that 1 >> §; > ¢. Note that n > 9. Hence, for all r € (4, ;) we have

92) G(r) = O0(1)r2,

so that for all r € (4,d)

4 i-n
(93) u(r) = log(rT + 2a1) +ay +O(r?),

4—n

where

a2:(772)10g5174_n

For r < § we have
u(r) =log(A+ 7"2) + by,

where

94) bo = (v —2)logdy +O(1),

where we use §>>A\1/2. In view of (89), we have

ra’ + Ar?a

2 2

We also have for all r € (4,81

(96) a(r) € (v,2)
and
4 2
97) 2—a+Ar?=—""" _L0(?)
14+ 2a1r 2
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) =2nArfa =O0(1)r?.
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Now we can check that

[ n@avoa)

Bs, \Bs

200 — a? + Ar?a\* '+ A2
<C(n) / e(4-n>u<w) (n_4+4m+—ra)dvol(gl)

2r2 200 — a? + Ar2a
Bs,\Bs
01
— N 1
<O(1) / eld—njaz (r4 7 + 2a1)4r—2 (2 —a+ ATQ)rnfl dr
)

31
< O(l)/(55”74)(277)75_”(117“an4 (1+ 2a1r%)4 dr

4
61

< O(l)/ég"_4)(2_7)a1r3_% dr
s

< O(l)§§"_4)(2_7)547%a1 _ 0(1)5n(177)+4>\73+2w
and
vol(Bs\Bs,3) = [ e dvol(g)
Bs, \Bs

01
gO(l)/e_”az (T.ZL_TTL +2a1)4n/(n_4)7“"_1d7“

61
:O(l)/é?(z_’”r*k”(l+2a1rn774)4n/(n74) dr
5
nilond | 2n(2—v)/(n—4)
n(2— ) 2=
<o) ”>5-”:0(1)<T) :

Therefore, after smoothing u, we get a desired u. O

We write gy = e~ 2“0 g;. In the following result, we try to connect the initial metric go to some
tube object. More precisely, we prove the following lemma.

LEMMA 6.— Let go € L' and the geodesic ball B(0,7¢) as above. Assume that n. > 5. For
any given ~y € (0,2), then there is a conformal metric § = e~2“gy of positive T'y-curvatures on
B(0,79) \ {0} satisfying:

(1) The metric § = e~ 2“gy has positive T's-curvatures;

(2) u=~log|z| for |x| < ro;

(3) u=mwug(x)+ by for |x| > 113
where ro < 11 <19 and by is a constant.

Proof. — We write u(x) = w(r) + £(r)ug(x) where £(r) is some cut-off function equal to 1
o) \where a is equal to 0 near 7. As before, the

T

near 7 and to 0 near 0, and w with w’(r) =
Schouten tensor of § = e~ 2%g; is
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(98) S(9)ij = Viw + VawVw + ViwV; (Eug) + Vi(Eug) Vjw
Vwl|? _
- (% + <Vw,V(£uo)>) (91)ij + S (e *0g1),.

so that

. 200 — 2 / 2_2 e
(99) 5(§)}g5ij+<a +Oé a)x%

272 B r? r
(e +Ofr + S

Fix € € (0, 27T“’) and let C; bound the term O(r + |Vugl). Set r4y = min(%¢, 3, M) For

some small 75 to be fixed later, we want « to decrease from 7 to 0 in (r3,74) and { =1 in
(rs,ro). In By, \ By, we write A = 5(g) — S(go). Therefore
2(§) = €Ty (A+ S(g0))-

We want A + S(go) €T3 in B,, \ By,. Itis clearin B,, \ B,

20— a? — e o =20\ zz;
A>( 272 5ij+<r+ r2 ) r2 >

This gives

UQ(A)>e4u(n—1)(204—042—5a>2(n_4+4 ra/ —ea )

2 2r2 200 — 02 — ex

and
200 — a? — e ra’ —ea
A >e?v| — — = —-24+2— ).
oi(A)>e ( 2r2 ><n * 2a—a2—5a>

We see that for all small 6 > 0,

2 —5¢)d
(100) a(r) = 2230
§+rzac
solves the equation
1
(101) 1 (20— a® —ea) = —ra’ + o

We choose some 75 < r4 and a nonincreasing function « in (rs,r4) such that a(ry) =0,
a(rs) >0and § € TJ in B,, \ B,, by openness of I';. Now we choose a suitable & in (100)
and take a small rg < 75 such that a(rg) = ~. From the above calculations, we see that A € F;
in B, \ B,, so that S(§) €'y in B, \ B,,. Now we set a(r) =~ for all r < rg and r3 = r.
We see that there exists some cut-off function £ such that £(r) =1 Vr > r7, £(r) =0 Vr <rg
and r2S(e= %% g,) is small in B,., \ B,, where rg < r7 < 1. Thus we can choose such suitable
cut-off function such that ¢ in 1"2+. Now it is sufficient to choose some r9 < rg and r; = ry4.
Finally, we obtain the desired v by smoothing it. O

The construction of such metrics of positive I's-curvatures is motivated by the method
introduced by Gromov and Lawson [14] in their study of metrics of positive scalar curvature.
See also for the constructions of other positive metrics in [31,15]. Now we can prove the main
result in this section.
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THEOREM 6.— Let (M,go) be a compact, oriented Riemannian manifold with gy € F;’.
Assume that n > 9. Then there exists § € [go] such that

(102) gerly
and
(103) Fa(g) < Ya(SM).
Proof. — We fix some « € (1,2) and let the geodesic ball B(0,7() w.r.t. g1 as above. We define

a conformal metric § as follows. Let 5 < 71 < 7 as in Lemma 6 and set § = A% with 3 € (%, %)

for any small A. Find d; as in Lemma 5. Now for any small A with §; < r3, define § on Bs, by
Lemma 5 and on B,,,\B,,, by Lemma 6. And on M\ B(0,70), § = e~ 21 gg, where the constant
by is given in Lemma 6. Since on B,,\Bs, the metrics constructed in Lemmas 5 and 6 are the
same, g is smooth. From Lemmas 5 and 6, we know (102) holds. In the following, we keep the
notations of the geodesic ball with respect to the background metric g;. By the Lemmas 4, 5
and 6, we can estimate

(104) / o2 (§) dvol(f) < Cs\mHE s34,
Bs, \Bs
(105) / o2(§) dvol(§) < 5D gi-n
M\Bs,
(106) / o9(§) dvol(g) = 8"V VN5 +2 [20(n — 1) B + CAR(0) A2
Bs

+O(A2 4 An(1/2-0) | \2+(=8)(1/2-0))]

(107) vol(M, §) > vol(Bs, §) = 67 VA~ [B+ O (X2 4 An(1/2-9)],
We choose some 3 € (1, %-1) so that we obtain

5" %ay=0o(A"%%*) and 6" =o(A7FTY).
As a consequence, we get
Fa(§) < B [2n(n — 1)B + CAR(0)A? + 0(A?)].

Recall 2n(n — 1)B = Y5(S™) and AR(0) < 0. Therefore, we deduce (103) provided X is
sufficiently small. Hence, we finish the proof. 0O
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found in [34], in which they showed that (3) is true for n > 4. Hence, the o2-Yamabe problem is
completely solved.
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